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Abstract

The standard reinforcement learning (RL) paradigm entails an agent taking an action

every time step in order to maximize environmental reward. A key aspect of intel-

ligence that is not captured in the standard RL framework is the ability to operate

at multiple timescales. A typical RL agent performs an action at every time step,

with a decision being made at every time step. Intelligent beings in the real world

(such as humans) typically do not make decisions about individual joint or muscle

movements and instead operate at larger timescales. The options framework allows

for temporal abstraction and allows agents to operate at scales beyond a single time

step by abstracting away decisions about single time step actions when an option is

initiated. Eigenoptions are a method for option discovery derived from the succes-

sor representation. Since the successor representation encodes di昀昀usive information

about the environment, eigenoptions are potentially a good candidate for credit as-

signment. However, in the scope of model-free RL, eigenoptions have been used

strictly for exploration. In this thesis, we explore the utility of eigenoptions for credit

assignment in tabular and pixel-based grid worlds and demonstrate both the bene昀椀ts

and di昀케culties of using eigenoptions for credit assignment.
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Preface

Much of this thesis is based on a paper presented at the Inductive Biases in Reinforce-
ment Learning Workshop at the Reinforcement Learning Conference (Kotamreddy
and Machado, 2025).
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Chapter 1

Introduction

Reinforcement learning (RL) typically involves an agent interacting with an environ-
ment by taking actions. During this process, the agent learns a policy over actions
that maximizes its sum of discounted rewards. Although the standard RL paradigm
has achieved many successes recently (e.g., Berner et al., 2019; Degrave et al., 2022;
Ouyang et al., 2022; Silver et al., 2016, 2018), the use of temporal abstractions, such
as options (Sutton et al., 1999b), is relatively underexplored. Options take a slightly
di昀昀erent approach to the RL paradigm by introducing the notion of multi-step ac-
tions. Actions are now not just limited to a single time step, but can be taken over
several time steps by following an option policy that is di昀昀erent from the agent’s own
policy. This enables the agent to act over multiple timescales, similar to the way
humans plan and make decisions. Although the use of options has not seen as much
success as the usual RL paradigm, options handcrafted by human experts were used
in several high-pro昀椀le cases and proved instrumental to the system’s success (e.g.,
Bellemare et al., 2020; Vinyals et al., 2019). These successes highlight the potential
of the options framework.

Moreover, there is substantial room for improvement with option-based methods.
In particular, autonomous discovery of such options continues to be a rich and active
area of research (e.g., Bacon et al., 2017; Bagaria and Konidaris, 2019; Dayan and
Hinton, 1992; Eysenbach et al., 2019; Harb et al., 2018; Konidaris and Barto, 2009;
Vezhnevets et al., 2017). The diversity of these methods highlights areas in the 昀椀eld
of RL where option-based methods have the potential to help, including credit as-
signment (Solway et al., 2014; Sutton et al., 1999b), exploration (Jinnai et al., 2019;
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Jong et al., 2008), and generalization (Konidaris and Barto, 2007).
A particularly promising method of option discovery is through eigenoptions

(Machado et al., 2017; Machado and Bowling, 2016). Eigenoptions are learned
through the successor representation (Dayan, 1993), which encodes the temporal
distance between states. They were originally introduced to address exploration chal-
lenges and have been shown to scale, achieving state-of-the-art performance in 3D
navigation tasks and Atari 2600 games (Klissarov and Machado, 2023). However,
even though the successor representation encodes information about how information
di昀昀uses through the environment, which is closely related to temporal credit assign-
ment, few works have used eigenoptions for credit assignment (e.g., Liu et al., 2017;
Sutton et al., 2023). Furthermore, these works did not explicitly investigate whether
eigenoptions used for credit assignment provided additional bene昀椀t over simply using
them for exploration.

1.1 Thesis Statement

In this work, we explicitly investigate whether learning a policy over both primitive
actions and eigenoptions (i.e., assigning credit to eigenoptions in addition to primi-
tive actions) in model-free RL provides additional bene昀椀t over using them strictly for
exploration. Speci昀椀cally, we investigate whether learning a policy over eigenoptions
and primitive actions leads to faster learning. We 昀椀nd that when eigenoptions are
pre-computed, learning a policy over options leads to signi昀椀cantly faster learning.
However, when eigenoptions are learned online, the bene昀椀ts are not nearly as signif-
icant. We also investigate whether learning a policy over options provides learning
bene昀椀ts in the function approximation setting. We 昀椀nd that when eigenoptions are
approximated, correctly estimating when an eigenoption should terminate plays an
important role in the e昀昀ectiveness of credit assignment.

1.2 Contributions

In this thesis we:

1. Demonstrate the bene昀椀ts of learning option-values for pre-computed eigenop-
2



tions in MDPs.

2. Introduce Value-Aware Covering Eigenoptions (VACE), a method to learn option-
values for eigenoptions learned online.

3. Introduce Deep Value-Aware Eigenoptions (DVAEO), a deep RL method to
learn option-values for eigenoptions.

1.3 Thesis Structure

In Chapter 2, we provide the necessary background to understand the topics covered in
the thesis. In Chapter 3, we conduct experiments in the tabular setting. Speci昀椀cally,
we investigate eigenoptions for credit assignment when they are provided in advance
and when they are learned online. We 昀椀nd that eigenoptions provided in advance
signi昀椀cantly speed up learning in the tabular setting. However, when eigenoptions
are learned online, we 昀椀nd that early inaccuracies in the learned options and their
option values skews the agent’s behavior in a way that hinders its ability to fully
explore the environment. This, in turn, hinders credit assignment as the agent is not
always able to 昀椀nd goal states quickly. In Chapter 4, we analyze the implications
of approximating both option-values and option policies in the non-linear function
approximation setting. We introduce a method to learn option-values in the non-
linear function approximation setting. We 昀椀nd that when approximating options,
approximating termination conditions well is especially important for eigenoptions
to be e昀昀ective when used for credit assignment. In Chapter 5, we summarize our
contributions and discuss potential future work. We provide experimental details
and information about hyperparameter sweeps in Appendix A.
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Chapter 2

Background

In this chapter, we provide background and context to better understand the algo-
rithms and experiments described in later chapters. We use capital letters to designate
random variables, calligraphic font for sets, lowercase bold letters for vectors, and up-
percase bold letters to denote matrices. ∆(X) is the set of probability distributions
over the set X.

2.1 Reinforcement Learning

In the reinforcement learning (RL) setting, an agent interacts with an environment
with the aim of maximizing reward. RL problems are typically represented by a
Markov Decision Process (MDP). An MDP is de昀椀ned as a tuple 〈S,A, p, r〉 where S is
the set of all states, A is the set of all actions, p(s′|s, a) = P[St+1 = s′|St = s, At = a] is
the transition probability kernel, and r(s, a) = E[Rt+1|St = s, At = a] is the expected
reward given the agent takes action a in state s. At every time step t, the agent is
in state St and interacts with the environment by taking action At; then the agent
moves to state St+1 according to p and receives a reward Rt+1.

The agent learns a policy π : S→ ∆(A) that maximizes the expected discounted
return, Gt =

∑∞
k=0 γ

kRt+k+1, where γ ∈ [0, 1) is the discount factor. There are two
main paradigms for learning the optimal policy: value-based methods and policy
gradient methods.
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2.1.1 Value-based Methods

Value based methods estimate either the state value function vπ(s) = Eπ[Gt|St = s]

or the state-action value function qπ(s, a) = Eπ[Gt|St = s, At = a] and calculate the
policy using the value function. In this work, we focus on value-based methods that
estimate the state-action value function qπ for the optimal policy, π∗.

Q-learning

Q-learning (Watkins and Dayan, 1992) is a temporal di昀昀erence method that estimates
qπ∗ using the update rule

Q(St, At)← Q(St, At) + α

(

Rt+1 + γmax
a∈A

Q(St+1, a)−Q(St, At)

)

, (2.1)

where α is the step size. In this work, we use ε-greedy exploration. At each time
step, the agent takes a random exploratory action with probability ε. Otherwise,
the agent takes an action according to the policy π, which is de昀椀ned as π(s) =

argmaxa∈AQ(s, a). Q-learning tends to overestimate action-values due to maximiza-
tion bias because it takes the max over all possible future actions in its update rule
(van Hasselt, 2010). The maximum over any set of samples is always greater than
or equal to the expectation over the set of samples. The same is true in Q-learning
where we take the max over all possible future actions instead of simply using the
value of the next state-action pair in our update. Over a large enough set of updates,
Q-learning will tend to overestimate values due to the maximization bias in the target.

Double Q-learning

Double Q-learning (van Hasselt, 2010) aims to reduce overestimation by learning two
separate state-action value functions, QA and QB, concurrently with half the samples
being used to update the 昀椀rst value function and half the samples being used to
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update the second. Each action-value function is used to update the other:

QA(St, At)←QA(St, At) + α(Rt+1+

γQB(St+1, argmax
a

QA(St+1, a))−QA(St, At)), (2.2)

QB(St, At)←QB(St, At) + α(Rt+1+

γQA(St+1, argmax
a

QB(St+1, a))−QB(St, At)). (2.3)

In practice, one of the updates is chosen randomly at every time step.

Watkins’ Q(λ)

The n-step return,

Gt:t+n = Rt+1 + γRt+2 + · · ·+ γn−1Rt+n + γnQt+n−1(St+n, At+n), (2.4)

is the target for an arbitrary n-step TD update, where Qk is the estimate of the state-
action value function at time step k. The λ-return, Gλ

t = (1 − λ)
∑∞

n=1 λ
n−1Gt:t+n,

averages all n-step updates in an exponentially weighted manner. Watkins’ Q(λ)

(Watkins, 1989) computes the λ-return online through the use of eligibility traces.
The eligbility trace for a state-action pair is an accumulating trace:

e(s, a)← 1St=s,At=a +

{

γλe(s, a) if Q(St, At) = maxa Q(St, a)

0 otherwise,
(2.5)

where 1St=s,At=a is an indicator function that is equal to 1 if St = s and At = a, and
0 otherwise. The Q-learning update then becomes:

Q(s, a)← Q(s, a) + α
(

Rt+1 + γmax
a′

Q(St+1, a
′)−Q(St, At)

)

e(s, a). (2.6)

This allows Watkins’ Q(λ) to calculate a λ-return that looks ahead until the 昀椀rst
exploratory action is taken, after which the trace is set to zero.

2.1.2 Policy Gradient Methods

Policy gradient methods estimate the policy directly by de昀椀ning a policy, π(s|a,θ),
that is di昀昀erentiable with respect to its parameters, θ. Such methods perform gradient
ascent updates to maximize the objective function J(θ) = vπθ

(s0), which is the value
6



of the policy at the start state. The policy gradient theorem (Sutton et al., 1999a)
tells us that

∇θJ(θ) ∝
∑

s

µ(s)
∑

a

qπ(s, a)∇θπ(s|a,θ) (2.7)

= Eπ

[

∑

a

qπ(St, a)∇θπ(a|St,θ)

]

(2.8)

= Eπ

[

∑

a

π(a|St,θ)qπ(St, a)
∇θπ(a|St,θ)

π(a|St,θ)

]

(2.9)

= Eπ [qπ(St, At)∇θ ln π(a|St,θ)] (2.10)

= Eπ [Gt∇θ ln π(a|St,θ)] , (2.11)

where µ(s) =
∑∞

t=0 γ
t
P[St = s|S0 = s0, A0:t∼π] is the discounted on-policy distribu-

tion. This leads to the REINFORCE (Williams, 1992) update for θ:

θt+1 = θt + αGt∇θ ln π(a|St,θ). (2.12)

Using a baseline in the update reduces variance:

θt+1 = θt + α(Gt − b(s))∇θ ln π(a|St,θ). (2.13)

Actor-critic methods use parameterized value functions to compute the one-step re-
turn rather than the full return. They also use a parametrized value function as
the baseline in order to reduce variance. An actor-critic method with a state-value
function v̂(s,w) parameterized with weights w would use the following update:

θt+1 = θt + α (Rt+1 + v̂(St+1,w)− v̂(s,w))∇θ ln π(a|St,θ). (2.14)

The value functions can also be updated using the temporal di昀昀erence error:

wt+1 = wt + α (Rt+1 + v̂(St+1,w)− v̂(s,w))∇wv̂(St,w). (2.15)

2.2 Options

Options in RL are a framework for temporal abstraction, letting agents take “actions”
that last longer than a single time step. (Sutton et al., 1999b). An option is de昀椀ned
as a tuple, o = 〈Io, πo, βo〉, where Io ⊆ S is the option’s initiation set, πo : S→ ∆(A) is
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the option’s policy, and βo : S→ [0, 1] is the option’s termination function. An option
can be taken in any state within the initiation set, Io, after which it acts according
to the option policy, πo until it terminates according to βo. Note that actions in A

are one-step options.
Given a set of options Ω (which may or may not include one-step actions), agents

can learn a policy, π : S→ ∆(Ω), over options. The reward for following an option o

at state s is de昀椀ned as:

r(s, o) = Eπo,βo
[Rt+1 + γRt+2 + γ2Rt+3 + · · ·+ γk−1Rt+k|St = s], (2.16)

where k is the number of steps the option took to terminate. The option-value
function is de昀椀ned as:

qπ(s, o) = E[Gt|St = s,Ot = o] (2.17)

= r(s, o) +
∑

s′

p(s′|s, o)
∑

o′∈Ω
s′

π(o′|s′)qπ(s
′, o′), (2.18)

where p(s′|s, o) is the probability that the agent reaches a state s′ given that it followed
an option o that was initiated in state s, and Ωs is the set of all options that can be
initiated in state s.

2.2.1 Constructing Options

While having a framework for temporal abstraction is nice, not all options constructed
using this framework are going to be useful. Finding methods to construct useful op-
tions has been and continues to be an active 昀椀eld of research.

Bottleneck States

Traditional methods for constructing options involved creating options that lead to
bottleneck states. Bottleneck states are states that the agent has to go through in
order to reach new parts of the state space that are potentially more interesting.
Because the agent must go through them to reach di昀昀erent parts of the state space,
they occur often in trajectories that lead to di昀昀erent goal states.

Sutton et al. (1999b) de昀椀ne eight hallway options that lead to the bottleneck
states. Two options are de昀椀ned for each room. The options can be initiated anywhere
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Figure 2.1: The eight hallway options in the four rooms domain. Red diamonds represent
termination states.

within a room and the options’ policies direct the agent toward each of the bottleneck
states, terminating when the agent reaches them. This is made clearer in Figure 2.1,
which shows each of the eight hallway options. We use these options as a baseline in
Section 3.1 since they have been shown to be particularly good for credit assignment,
minimizing the geometric mean number of trial-and-error attempts necessary for the
agent to discover the optimal policy for any task (Solway et al., 2014).

A wide range of methods have been explored to discover bottleneck states. Several
methods use graph-based approaches to construct a graph of the MDP and identify
bottleneck states (Menache et al., 2002; Şimşek and Barto, 2008; Şimşek et al., 2005).
Other approaches use diverse density (McGovern and Barto, 2001b; Stolle and Precup,
2002).

Eigenoptions

Eigenoptions (Machado et al., 2017, 2018) are options discovered through the eigen-
vectors of the successor representation (SR) (Dayan, 1993). The SR encodes the
“temporal distance” between states. It represents each state s as an |S| dimensional
vector that contains the expected discounted visitation from s to every state s′ ∈ S.
The SR matrix, Ψπ, with respect to a policy π, can be calculated using Pπ, the
transition probability matrix induced by π:

9



Figure 2.2: The top eigenvector of the SR and its corresponding option policy. The learned
option policy leads to the state with the highest value.

Ψπ = (I− γPπ)
−1

, (2.19)

where I is the identity matrix. When Pπ is unknown, given a step size η, the SR can
be estimated from samples using the temporal di昀昀erence update rule for state St at
time step t:

Ψ̂ (St, j)← Ψ̂ (St, j) + η
[

1{St=j} + γΨ̂ (St+1, j)− Ψ̂ (St, j)
]

∀j ∈ S. (2.20)

Eigenoptions are options that maximize an intrinsic reward function de昀椀ned by
the eigenvectors of the SR. The intrinsic reward function used to generate an option
policy using eigenvector e of Ψπ is:

re(s, s′) = e> (φ(s′)− φ(s)) ∀s, s′ ∈ S, (2.21)

where φ(s) is the feature representation of state s. In the tabular case, when φ is a
one-hot vector, the reward function is de昀椀ned as:

re(s, s′) = e(s′)− e(s) ∀s, s′ ∈ S. (2.22)

We can use a learning algorithm such as Q-learning to learn an option policy using
the intrinsic reward function. The option policy learned from such a reward function
directs the agent toward states with the highest value. Since the reward function only
provides negative reward for leaving these high-valued states, such states are added
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to the termination set. Thus, an eigenoption de昀椀ned on an eigenvector of the SR
takes the agent toward the highest-valued states of its respective eigenvector. This
is shown more clearly in Figure 2.2, which shows the option policy corresponding to
the top eigenvector of the SR.

Eigenoptions can also be discovered online through the Representation-Driven
Option Discovery (ROD) cycle (Machado, 2025; Machado et al., 2023). The cycle
starts with an RL agent gathering data by interacting with its environment and then
using this data to learn a representation of the environment. In this case, the agent
learns the SR and its eigenvectors. The agent then uses the learned representation to
create an intrinsic reward function (see Eq. 2.21), and then learns an option policy to
maximize it. Finally, the option’s initiation set is de昀椀ned as all states with positive
Q-values, and the complement is de昀椀ned as termination states. This can be done
because the intrinsic reward function is naturally de昀椀ned such that the agent receives
negative rewards when it exits what should be a termination state.

Once an option is created, it is added to the agent’s option set, and the cycle
repeats. In this work, we use the top eigenvector of the SR to generate an option
during each cycle. This option tends to direct the agent toward the edge of the region
currently explored. Following such an option allows the agent to skip the random
dithering required to reach new unexplored regions, leading to better exploration. So
far, such options have only been used for exploration. Speci昀椀cally, in an ε-greedy step,
the agent might sample an option and act according to its policy until termination.
Through this process, the agent explores areas of the environment that are less fre-
quently visited, enabling much faster and more e昀케cient exploration. This algorithm
is called covering eigenoptions (CEO) (Machado et al., 2023).

Option Critic

Methods using the option critic framework (Bacon et al., 2017) learn options through
the environmental reward rather than an intrinsic reward. The option policy and ter-
mination functions are learned using gradient ascent through the intra-option policy
gradient and termination gradient theorems.

The intra-option policy gradient theorem gives us the gradient of the state-option
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value function qπ(s, o) with respect to θ, the parameters of option o:

∂qπ(s, o)

∂θ
=

∑

s,o

µπ(s, o|s0, o0)
∑

a

∂πo,θ(a|s)

∂θ
qu(s, o, a), (2.23)

where µπ(s, o|s0, o0) =
∑∞

t=0 γ
t
P(st = s, ot = o|s0, o0) is the discounted occupancy of

state-option pairs along trajectories starting from (s0, o0), πo,θ is the option policy of
option o with parameters θ, and qu(s, o, a) is the state-action-option value function.
This leads to the following update rule:

θ ← θ + αθ

∂ ln πo,θ(At|St)

∂θ
Qu(St, Ot, At), (2.24)

where αθ is the step size for θ, the parameters of option o, and Qu is the estimate of qu.
Updating θ in this manner modi昀椀es the option policy and maximizes the state-option
value function.

The termination gradient theorem gives us the gradient of the option value of op-
tion o upon arrival in state s, U(s, o) = (1−β(s, o))qπ(s, o)+β(s, o)

∑

o π(o|s)qπ(s, o),
with respect to ϑ, the parameters of the termination function of option o, βo:

∂U(s′, o)

∂ϑ
=

∑

o,s′

µπ(s
′, o|s1, o0)

∂βo,ϑ(s
′)

∂ϑ
Aπ(s

′, o), (2.25)

where µπ(s, o|s1, o0) =
∑∞

t=0 γ
t
P(st = s, ot = o|s1, o0) is the discounted occupancy

of state-option pairs along trajectories starting from (s1, o0), βo,ϑ is the termination
function of option o with parameters ϑ, and Aπ(s, o) = Qπ(s, o)−Vπ(s) is the advan-
tage function. This leads to the following update rule:

ϑ← ϑ− αϑ

βo,ϑ(s
′)

∂ϑ
(Qπ(s

′, o)− Vπ(s
′)) , (2.26)

where αϑ is the step size for ϑ. Updating ϑ in this manner modi昀椀es the termination
function of option o and maximizes the value function of option o upon arrival.

We use option critic as a baseline against value-aware eigenoptions when we learn
option policies online. Option-critic is a well-established method designed for credit
assignment with options. Option critic learns a policy over options while the option
policies are learned online. This is quite similar to the ROD cycle, where eigenoptions
are learned online and added to the set of options as they are learned. The main
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di昀昀erence between the two is that option critic uses a set number of options that are
improved over time while the number of options used in the ROD cycle increases as
new options are discovered. Option critic also tends to learn options that emulate
bottleneck options (Bacon et al., 2017), so they serve as a good baseline for credit
assignment.

Other Methods

While the methods discussed so far are the ones we use and discuss in the remainder of
this work, there are several other methods for option discovery. Skill chaining methods
construct options backwards from a goal state in a manner that allows future options
to reach their respective sub-goals (Konidaris and Barto, 2009). Skill chaining has
also been extended to the deep RL setting (Bagaria and Konidaris, 2019). While
the options generated through skill chaining can be used for rapid credit assignment,
its main limitation is that options can only be constructed once the goal is reached,
making it dependent on good exploration.

Feudal reinforcement learning (Dayan and Hinton, 1992) involves agents that op-
erate on multiple hierarchies. Agents are composed of managers and workers where
managers set subgoals that workers must learn to reach. Managers at the top of the
hierarchy maximize environmental reward by setting goals while the workers maximize
an intrinsic reward to reach the subgoals set by managers. This idea was extended
to deep RL through feudal networks (Vezhnevets et al., 2017), which was further
improved upon by several works (Levy et al., 2019; Nachum et al., 2018).

Empowerment maximization methods learn diverse options by maximizing the
mutual information between an agent’s actions and its future observations (Klyubin
et al., 2005). Gregor et al. (2017) maximize mutual information between skills using
a variational inference objective (Mohamed and Rezende, 2015). Eysenbach et al.
(2019) improves upon this objective by learning options with high entropy.

Our descriptions of the methods in this subsection are very brief, and there are
many more works that we did not discuss here. Klissarov et al. (2025) conducted a
survey that discusses these methods and provides a more in-depth overview of the
methods we discuss here.
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2.2.2 Learning Option Values

In the model-based setting, agents have the 昀氀exibility to plan using options while
never following an option. This enables the agent to propagate credit much more
quickly without having to act according to an option policy. One such model-based
technique is goal-space planning (Lo et al., 2024). Given a set of options that lead
to subgoals, a model is learned over an abstract MDP constructed using the given
options. The model is used to plan over subgoals and propagate subgoal values
quickly, which can then be used to update state values that the agent uses to act in
the environment.

In the model-free setting, which is the focus of this work, most option-based
methods learn a policy over options for reusability and in order to learn more quickly.
For instance, methods using the option critic framework learn a policy over options
while learning the option policies. This is true for nearly all of the methods for option
discovery that we have discussed so far with the notable exception of eigenoptions
and most empowerment maximization methods, which were designed for exploration.

Learning a policy over options is very similar to learning a policy over primitive
actions. When using value-based methods to learn a policy over options, we estimate
the state-option value function. We can learn the state-option value function using
the SMDP Q-Learning update rule upon option termination (Sutton et al., 1999b):

Q(St, Ot)← Q(St, Ot) + α

[

R + γK max
o∈OSt+K

Q(St+K , o)−Q(St, Ot)

]

, (2.27)

where o ∈ O is an option, O is the set of all options, Q(s, o) is the estimate of the
optimal state-option value function, α is the step size, K is the number of time steps
the option took before termination, R represents the cumulative discounted reward
through the duration of the option, and OS is the set of all options that contain state
S within their initiation set, Io.

Intra-option Q-learning (Sutton et al., 1998) improves on SMDP Q-learning by
updating Q(s, o) while the agent is still acting according to an option’s policy, in
contrast to applying the update rule only upon an option’s termination:

Q(St, Ot)← Q(St, Ot) + α [(Rt+1 + γU (St+1, Ot))−Q(St, Ot)] , (2.28)
14



Intra-option Q-learning SMDP Q-learning

t = 1 t = 2 t = 5 t = 1 t = 2 t = 5

Figure 2.3: Option value updates with intra-option Q-learning (blue) and SMDP Q-learning
(orange). Option termination is represented by a red diamond. Intra-option Q-learning
performs a single step update during every time step. SMDP Q-learning performs updates
for all state-action pairs visited while the option was being executed but only performs the
updates upon termination.

where U(s, o) = (1− βo(s))Q(s, o) + βo(s)maxo′∈Os
Q(s, o′) is the option-value upon

arrival. This allows us to perform state-option updates to all options if their policies
take the same action as the current option and/or action.

Figure 2.3 shows the di昀昀erence between intra-option Q-learning and SMDP Q-
learning. Intra-option Q-learning performs a single step update every time step.
However, it updates all other options along with the current option. SMDP Q-
learning, on the other hand, updates all visited state-option pairs upon termination
but only updates the option that was executed.

Similar to learning a policy over primitive actions, the policy over options can be
de昀椀ned based on the learned state-option value function:

π(s) = argmax
o∈O

Q(s, o). (2.29)

2.3 Function Approximation and Deep RL

When the observation space is small and can be stored in memory, it is easy to rep-
resent value functions in tables. However, when observations are more complex (for
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instance with the use of pixel-based observations) it is signi昀椀cantly more di昀케cult, and
sometimes impossible, to represent all possible observations in a table. To deal with
this, we must approximate the value function by parameterizing it with some weights
θ.

Linear function approximation methods represent the value function linearly with
respect to the weights, for instance, q(s, a;θ) = θ>xt where xt is the feature vector.
However, linear methods often require features to be hand-crafted for complex obser-
vation spaces. To deal with such observation spaces, deep neural networks are often
used as non-linear function approximators.

2.3.1 Deep Q-Network

Deep Q-Network (DQN) was the 昀椀rst algorithm to incorporate deep neural networks
into the RL domain to solve tasks with high-dimensional sensory input (Mnih et al.,
2015). The algorithm, inspired by Q-learning, uses a neural network to approximate
the Q-function instead of representing it with a tabular matrix. The loss function for
the neural network on the i’th iteration is de昀椀ned as:

Li = Es,a∼ρ(·)

[

(yi −Q(s, a;θi))
2]
, (2.30)

where yi = E [r + γmaxa′ Q (s′, a′;θ−)| s, a] is the target, ρ(s, a) is the behavior dis-
tribution (i.e. the state-action distribution based on the agent’s behavior) and θ are
the parameters of the neural network that are optimized through gradient descent.
In practice, the Q-network used in the target, also called the target network, typi-
cally uses the frozen parameters θ− of the main Q-network parameters θ to maintain
stability in the loss function. It is updated periodically and, each time it is updated,
a new frozen copy of θ replaces θ−. A replay bu昀昀er is also used to control the sample
distribution and make learning easier for the neural network.

2.3.2 Double Deep Q-Network

Double Deep Q-Network (DDQN) (Hasselt et al., 2016) aims to reduce DQN’s over-
estimation bias by selecting the greedy action using the main network rather than
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the target network when calculating the target. The target is now de昀椀ned as:

yi = E

[

r + γQ

(

s′, argmax
a′

Q (s′, a′;θi) ; θ
−
i

)

∣

∣

∣
s, a

]

. (2.31)

It is important to note that unlike Double Q-learning, which uses and learns a second
Q-function, DDQN does not use an additional Q-function and simply uses the target
network in the modi昀椀ed update rule. This allows for minimal change to the DQN
architecture while attaining the bene昀椀ts of Double Q-learning.
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Chapter 3

Learning Option-Values for
Eigenoptions in the Tabular
Setting

In the tabular case, eigenoptions de昀椀ned using the 昀椀rst n eigenvectors of the SR have
been shown to signi昀椀cantly reduce the number of time steps required to visit all states
of an environment (Machado et al., 2018). Additionally, perhaps because they capture
information on how rewards di昀昀use in the environment, they have also been shown to
be quite e昀昀ective when used for planning (Sutton et al., 2023). Thus, a very natural
question in the model-free setting is whether we should see even faster learning if we
were to learn option-values for eigenoptions; using them not only for exploration but
also for credit assignment. We call this approach value-aware eigenoptions (VAEO).

In Section 3.1, we consider bottleneck options as a baseline because they are
the most traditional approach for credit assignment (McGovern and Barto, 2001a;
Şimşek and Barto, 2008) and they can seen as forming an optimal behavioral hierar-
chy (Solway et al., 2014). Furthermore, they act as a fair comparison to pre-computed
eigenoptions because they are also provided ahead of time and not learned online. In
Section 3.2, we consider option critic as a baseline because it learns options online
and the options that are learned are similar to bottleneck options Bacon et al., 2017.

In this work, we run all our experiments in modi昀椀ed versions of the Minigrid
environment (Chevalier-Boisvert et al., 2023) using Gym (Brockman et al., 2016).
The original Minigrid environment included actions to rotate the agent left or right
by 90 degrees, and move the agent in the direction of its current orientation. We use
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Figure 3.1: Environment con昀椀gurations in the four rooms and nine rooms domains. Green
squares represent start states and red squares represent goal states. The start and goal
positions within these con昀椀gurations were randomly generated. The agent can move in
cardinal directions (up, down, left and right) at each time step.

an action set where the agent can move up, down, right and left. Episodes have a
maximum length of 1,000 steps and environment transitions are deterministic. We
detail the four rooms and nine rooms con昀椀gurations that we use in our experiments
in Figure 3.1. The agent receives zero reward at every transition except those that
lead to the goal state, which lead to +1 reward.

3.1 Acting and Learning with Eigenoptions

We 昀椀rst focus on the bene昀椀ts of value-aware eigenoptions (VAEO) in the best case
scenario where options are provided ahead of time. Thus, we 昀椀rst consider options
obtained through the closed form of the SR (Eq. 2.19). We demonstrate that in the
tabular setting, learning option-values for pre-computed eigenoptions leads to faster
learning when compared to using pre-computed eigenoptions strictly for exploration.
We perform experiments in the four rooms and nine rooms domains with randomly
generated start and goal state con昀椀gurations (see Figure 3.1).

We generate eigenoptions using the top n eigenvectors of the SR. We learn the
option policies using Q-learning with samples from random exploration of the envi-
ronment, where the agent starts at a random location every episode. Episodes are
1,000 steps long, and in this phase, we do not treat goal states as absorbing states
but as regular states. To learn option-values for these pre-computed eigenoptions,
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Figure 3.2: Performance of value-aware eigenoptions (VAEO) compared to baselines. VAEO
outperforms the other algorithms in most con昀椀gurations. We use the environment con昀椀g-
urations shown in Figure 3.1. We use six and 24 eigenoptions in the four rooms and nine
rooms domains, respectively. We use all bottleneck options, which totals to eight in the
four rooms domain and 24 in the nine rooms domain. We evaluate all algorithms for 100
independent runs and the shaded region represents a 99% con昀椀dence interval.

we use SMDP Q-learning to update the values of the option currently being followed
and intra-option Q-learning to update the values of all other options and actions.
Elaborating further, the values of the option currently being followed are updated
upon termination. And, if an action a is taken in a state s, regardless of how it was
selected, we update all options that would have taken action a in state s. We also
perform action updates for primitive actions at every time step. For clarity, VAEO
is detailed in Algorithm 1.

We report the number of time steps it takes the agent to reach the goal state during
every episode. We compare the performance of VAEO to Q-learning with eigenop-
tions used for exploration (Machado et al., 2023, 2018) and intra-option Q-learning
with bottleneck options (Sutton et al., 1998). We performed a hyperparameter sweep
to determine the number of eigenoptions to use in each environment. Further details
on hyperparameters are provided in Appendix A.

As shown in Figure 3.2, VAEO outperforms eigenoptions and bottleneck options
in nearly all con昀椀gurations of the environment. This suggests that credit assignment
provides additional bene昀椀t on top of the exploration bonus provided by eigenoptions.
As initially predicted, learning option-values allows the agent to exploit options that
it previously found to be useful to maximize its return.
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Algorithm 1 Value-Aware Eigenoptions (VAEO)
Input: α ; . Step-size for action and option updates

γ ; . Discount factor
n ; . Number of pre-computed eigenoptions to use
ε . Epsilon for epsilon-greedy exploration

Ω← n pre-computed eigenoptions
Q← |S| × |A ∪ Ω| matrix
for i = 1 to T do

s← current state
if Uniform(0, 1) < ε then

Choose a randomly from A ∪ Ω
else

a← argmaxa Q(s, a); break ties randomly
end if
Do ← ∅
if a ∈ A then

Take action a, receive r, s′

Append (s, a, r, s′) to Do

Q(s, a)← Q(s, a) + α (r + γmaxa′∈A∪Ω Q(s′, a′)−Q(s, a))
else

while option has not terminated do
Take action ao according to option policy, receive s′, r

Q(s, ao)← Q(s, ao) + α (r + γmaxa′∈A∪Ω Q(s′, a′)−Q(s, ao))
Append (s, ao, r, s

′) to Do

end while
end if
UpdateOptionValues(a,Do, s

′) (see Algorithm 2)
end for

Algorithm 2 Update Option Values
Input: o ∈ Ω ∪A . Option or Action

Do . Sequence of samples collected while taking the option
snext . State the agent is in after taking option o

return ← 0
for (s, a, r, s′) in reverse(Do) do

return← r + γ · return
Q(s, o)← Q(s, o) + α [(return + γ argmaxo′∈OQ(snext, o

′))−Q(s, o)]
for ô in Ω \ {o} do

if πô(s) = a then
Q(s, ô)← Q(s, ô) + α [(r + γU(s′, ô))−Q(s, ô)] (see Equation 2.28)

end if
end for

end for
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Figure 3.3: Credit assignment through an evaluation phase. We evaluate both algorithms
for 100 seeds and report the 99% con昀椀dence interval. Environment con昀椀gurations are the
same as in Figure 3.1.

3.1.1 Disentangling Credit Assignment

While these results seem to indicate that credit assignment through options improves
performance, when we learn a policy over options, we are essentially treating options
as additional actions. Thus, the results above still confound the bene昀椀ts of using
eigenoptions for credit assignment and exploration.

To factor out the impact of the exploration bene昀椀ts induced by eigenoptions, we
constrained the agent to select only primitive actions while performing an intra-option
update at every time step to learn option-values through the agent’s actions. This
eliminates any and all exploration bene昀椀ts the agent gets from acting according to
an option’s policy. At the end of every episode, we evaluate the agent’s time-to-goal
when also considering options in its action space. In this case, the performance we
see is strictly due to credit being assigned to the eigenoptions.

As shown in Figure 3.3, eigenoptions initially assign credit much more quickly than
bottleneck options. However, they can stay at suboptimal trajectories longer. These
results are not too surprising. Bottleneck options tend to be shorter, and the solu-
tion to any start/goal con昀椀guration unavoidably leads the agent through a bottleneck
state, making bottleneck options part of the optimal policy (Solway et al., 2014; Sut-
ton et al., 2023). In fact, it is somewhat surprising that eigenoptions are so competi-
tive. We conjecture that this might be due to how eigenoptions are obtained through
the environment’s di昀昀usive information 昀氀ow, and that eigenoptions operate at di昀昀er-
ent time scales, potentially allowing some of them to be a part of the optimal policy.
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3.2 Discovering Options Online

In this section, we propose an algorithm to learn option-values for eigenoptions when
eigenoptions are discovered online through the ROD cycle. In Section 3.2.1, we de-
scribe the algorithm and show its performance against baselines in the four rooms
and nine rooms settings. We also show through an example run (see Figure 3.6)
that when options are exploited and treated as additional actions, their temporal
persistence hinders exploration. In Section 3.2.2, we show the di昀昀erent methods we
attempted in order to try and solve this issue.

3.2.1 Learning Option Values with Online Option Discovery

We now discuss learning option-values when options are discovered online. We start
by introducing option-values to CEO. Every time a new option is added to the option
set, we initialize an additional vector in our Q-function to store option-values for the
newly created option. As the agent interacts with the environment, we use the same
updates as in Section 3.1 to learn option-values. We call this method Value-Aware
Covering Eigenoptions (VACE). Algorithm 3 shows pseudocode for VACE.

To see how much of a bene昀椀t value-aware eigenoptions provide when eigenoptions
are discovered online, we compare the performance of VACE to CEO, Q(λ), and
option critic. In CEO, the agent can randomly sample an eigenoption and follow
it during the ε-exploration phase. This is also true in VACE, but we also learn
option-values and allow the agents to greedily follow options during the greedy phase.
For both CEO and VACE, we learn a new option from the samples collected every
1,000 time steps. We perform a 100 sweeps over the dataset collected over the 1,000
timesteps to update the SR. We then use the intrinsic reward calculated from the top
eigenvector of the SR to learn the option policy.

In order to make a fair comparison with option critic, we learn option critic’s
policy over options using intra-option Q-learning. Furthermore, we collect a dataset of
transitions as the agent interacts with the environment, and after every 1,000 steps, we
perform 100 sweeps over the dataset to update the policy over options and the option
policies. This emulates the computational overhead of learning eigenoptions and
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Figure 3.4: Performance of VACE and baselines when discovering options online every
1,000 time steps. Environment con昀椀gurations are the same as in Figure 3.1. We evaluate
all algorithms on 100 independent runs, and the shaded region represents a 99% con昀椀dence
interval.
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Figure 3.5: Median over 100 independent runs for VACE and baselines in the nine rooms
environment.

allows for a fair comparison between the two methods. The rest of the experimental
setup is the same as when using pre-computed options. We plot the time-to-goal for
every episode and compare how quickly each algorithm is able to learn a good policy
in each environment con昀椀guration.

As shown in Figure 3.4, VACE outperforms option critic and CEO in the four
rooms environment and is on-par with Q(λ). In the nine rooms environment, both
CEO and VACE seem to learn quicker than Q(λ) and option critic in most settings be-
cause of better exploration a昀昀orded by eigenoptions. However, the performance gain
for VACE when compared to CEO is much less apparent. VACE still outperforms
CEO in median performance, though (see Figure 3.5). This is because VACE out-
performs CEO on most runs, but it performs signi昀椀cantly worse in a few runs. When
options are used for both credit assignment and exploration, inaccurate estimates of
an option’s value might make a suboptimal option be selected much more often than
it should be in the argmax. Such an option has a much more persistent behaviour,
with long-term consequences, when compared to a wrongly selected primitive action.
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Figure 3.6: Value propagation in a) a typical run of CEO, b) a typical run of VACE and
c) a bad run of VACE. The start state is highlighted in white, while the goal state is
highlighted in black. Black dots represent states with a value greater than zero. Darker
red states represent states frequently visited, while lighter yellow squares represent states
visited infrequently.

Thus, in VACE, the discovered options do help the agent visit underexplored regions
in the environment, but because the discovered options are treated as actions, they
have a much bigger impact on the agent, sometimes making it harder for the agent
to 昀椀nd the goal state.

Consistently acting according to option’s policies can sometimes hinder perfor-
mance. In CEO, value propagation is relatively slow as value is propagated one state
at a time, but the values start to be propagated more quickly because of e昀昀ective
exploration (see Figure 3.6a). Figure 3.6b shows a typical run of VACE. VACE prop-
agates value much faster and, in this particular run, is able to create a value trace to
the goal by episode 20. Figure 3.6c shows a bad run of VACE where it struggles to
昀椀nd the goal because the agent hops from one option to another, and even though it
initially gets close to the goal state, it does not use enough random actions to get to
the goal state because another option “takes over” before that. Thus, it takes much
longer to start propagating values back.
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Algorithm 3 Value-Aware Covering Eigenoptions (VACE)
Input: η, αo, α ; . Step-sizes for the SR and option policies and intra-option

Q-learning
γo, γ ; . Discount factor for option policies and intra-option Q-learning
Nsteps ; . Number of samples per option created
Nsweeps ; . Number of sweeps to learn SR from dataset
Niter ; . Number of iterations of VACE
ε . Epsilon for epsilon-greedy exploration

D← ∅
Ω← ∅
Q← |S| × |A| matrix
for i = 1 to Niter do

for j = 1 to Nsteps do
s← current state
if Uniform(0, 1) < ε then

Choose a randomly from A ∪ Ω
else

a← argmaxa Q(s, a); break ties randomly
end if
Do ← ∅
if a ∈ A then

Take action a, receive r, s′

Append (s, a, r, s′) to D and Do

Q(s, a)← Q(s, a) + α (r + γmaxa′∈A∪Ω Q(s′, a′)−Q(s, a))
else

while option has not terminated do
Take action ao according to option policy, receive s′, r

Q(s, ao)← Q(s, ao) + α (r + γmaxa′∈A∪Ω Q(s′, a′)−Q(s, ao))
Append (s, ao, r, s

′) to D and Do

end while
end if
UpdateOptionValues(a,Do, s

′) (see Algorithm 2)
end for
Learn SR by applying Equation 2.20 sweeping through D Nsweeps times.
Get top eigenvector of SR, create intrinsic reward function using Equation 2.21.
Learn an option policy to maximize intrinsic reward using Q-learning.
De昀椀ne termination states as all states with Q(s, a) ≤ 0.
Append option to Ω, append column of zeros to Q.

end for
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Figure 3.7: Performance of VACE with actor-critic (VACE-ac) compared to VACE, CEO,
Q(λ), and option critic. Environment con昀椀gurations are the same as in Figure 3.1. We
evaluate all algorithms on 100 independent runs, and the shaded region represents a 99%
con昀椀dence interval.

3.2.2 Trying to Address the Drawbacks of Option Persistence

We attempt to address the persistence of options, leading to worse exploration when
options are used for exploitation. To do this, we use actor-critic approach with a
softmax policy and linear function approximation to learn a policy over options.
Because a softmax policy is stochastic, we conjecture that it could allow the agent to
potentially explore using primitive actions even when the likelihood of initiating an
option is very high. This should address the persistence of options by lowering the
likelihood that the agent takes multiple options in sequence. We plot the time-to-goal
of VACE with actor critic (VACE-ac) after each episode in the four rooms and nine
rooms environment and compare it against CEO, VACE, Q(λ) and option-critic.

As shown in Figure 3.7, initially, VACE-ac seems promising and seems to match
the performance of the other methods. However, it converges to a suboptimal policy
with much higher variance. Why does this happen? When learning options online
using the ROD cycle, the option set grows. When using a value-based approach, we
could simply initialize a new row of zeros in the Q-table. However, using a similar
approach and initializing new weights with a value of zero means that if weights are
close to zero, a newly added option is much more likely to be initiated. This makes
the persistence issue worse and leads to more variance as options are added.

Another method to potentially address the persistence of options is to add a k time
step delay after an option is taken, preventing another option from being taken until k
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Figure 3.8: Performance of VACE with a 10-step delay compared to VACE, CEO, Q(λ),
and option critic. Environment con昀椀gurations are the same as in Figure 3.1. We evaluate
all algorithms on 100 independent runs, and the shaded region represents a 99% con昀椀dence
interval.

time steps have occurred. This should prevent options from being taken consecutively
during the initial exploration phase, which should allow the agent to explore nearby
states after option termination, and lead to better exploration of states that are not
in the path of an option. During initial tests with a k time step delay, incorrect
action-value estimates caused signi昀椀cantly worse performance. With the k time step
delay, when an option terminates, actions must be taken for the next k-steps. Because
action-values are updated as the option is being taken and not recursively upon an
option’s termination, action-value estimates do not propagate at the same rate as
option-value updates. This can lead to situations where an option led to a high value
state and propagated option values, but the next time the agent gets to one of the
option’s initiation states after taking a di昀昀erent option, it is unable to use the option
again due to the k-step delay. And since action-values have not propagated, it cannot
use actions to follow the same path either.

To address this, we make a slight modi昀椀cation to the VACE algorithm in addition
to the delay by ensuring action updates are done recursively upon option termination.
We remove the action-value update from the option execution loop and instead update
option and action values using the full trace we collect while executing the option
(see Algorithm 4). We again run the algorithm in the nine rooms and four rooms
environments and compare the time-to-goal per episode against VACE, CEO, Q(λ),
and option critic. As shown in Figure 3.8, adding the delay and changing the order
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Algorithm 4 Update Option and Action Values
Input: o ∈ Ω ∪A ; . Option or Action

Do ; . Sequence of samples collected while taking the option
snext ; . State the agent is in after taking option o

return ← 0
for (s, a, r, s′) in reverse(Do) do

Q(s, a)← Q(s, a) + α [(r + γ argmaxo′∈OQ(s′, o′))−Q(s, a)]
return← r + γ · return
Q(s, o)← Q(s, o) + α [(return + γ argmaxo′∈OQ(snext, o

′))−Q(s, o)]
for ô in Ω \ {o} do

if πô(s) = a then
Q(s, ô)← Q(s, ô) + α [(r + γU(s′, ô))−Q(s, ô)]

end if
end for

end for

of action-value updates provided little improvement over VACE.
It is important to ask, however, whether there is additional performance to be

gained from recursively updating action-values in VACE and CEO. To test this, we
modify VACE and CEO to include the recursive action-value updates and again run
the algorithm in the nine rooms and four rooms environments and compare the time-
to-goal per episode against VACE, CEO, and Q(λ). As shown in Figure 3.9, improve-
ments to VACE are marginal and only occur in a few environment con昀椀gurations.
However, performance for CEO with recursive action-value updates is on-par with

Figure 3.9: Performance of VACE and CEO with recursive action-value updates (VACE-rec
and CEO-rec) compared to VACE, CEO, Q(λ), and option critic. Environment con昀椀gura-
tions are the same as in Figure 3.1. We evaluate all algorithms on 100 independent runs,
and the shaded region represents a 99% con昀椀dence interval.
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VACE in both environments. This suggests that using eigenoptions strictly to assign
credit to actions provides the same bene昀椀t as learning a policy over eigenoptions.
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Chapter 4

Approximating Option-Values with
Non-Linear Function
Approximation

Since value-aware eigenoptions lead to faster learning in the tabular setting when
options are pre-computed, it is natural to ask whether they would also help in the
function approximation setting. We investigate this question in the four rooms and
nine rooms environments with pixel inputs. We again use a modi昀椀ed version of the
Minigrid environment (Chevalier-Boisvert et al., 2023) with cardinal actions. We 昀椀rst
focus on using neural networks to approximate option-values, using tabular methods
to compute the eigenvectors of the SR and the options themselves. Solutions to
approximating the eigenvectors of the SR (Gomez et al., 2024; Wang et al., 2021;
Wu et al., 2018) and the eigenoptions themselves (Klissarov and Machado, 2023)
have already been discussed in the literature. We discuss nuances around option
termination when using them for credit assignment in Section 4.2.

In all experiments, we use a two-layer convolutional network with 32 channels
each, a 3 × 3 kernel, and a stride of 2, followed by a fully connected layer with 256
nodes and then the output layer with 4 nodes (one for each action) in the action-value
network and 1 node in the option-value network. We implemented our algorithms with
the PFRL library (Fujita et al., 2021).
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Figure 4.1: Hierarchical DQN architecture. We include a separate network to predict the
value of each option. If an option has the highest option-value, its respective option policy
will choose an action.

4.1 Tabular Option Policies

To learn option-values in the function approximation setting, we use a hierarchical
DQN architecture (Kulkarni et al., 2016). We use a separate neural network to learn
each of the option-value functions on top of the value function for primitive actions
(see Figure 4.1).

The network parameters are represented as θ
ok ∈ θ

o, where k = 0 represents the
network that learns primitive action-values, and k > 0 represents the network that
learns the option-values for option k. The target networks are represented as θ

o−
k ∈

θ
o− . The action or option with the highest value is selected during a greedy step. We

use the DQN (Mnih et al., 2015) loss function Li = Es,a∼p(·)

[

(yi −Q(s, a;θi))
2] with

a modi昀椀ed Double DQN (DDQN) (Hasselt et al., 2016) target:

yi = E

[

r + γU(s′, o;θo
i ,θ

o−

i )
∣

∣

∣
s, a

]

, (4.1)

where

U(s′, o;θo
i ,θ

o−

i ) = (1− βo(s))Q(s, o;θo−

i )

+ βo(s)Q

(

s, argmax
o′

Q (s, o′;θo
i ) ; θ

o−

i

)

. (4.2)

Similar to the experiments we performed in the tabular setting, we evaluate deep
value-aware eigenoptions (DVAEO) against deep eigenoptions (DDQN with eigenop-
tions for exploration) and DDQN with ε-greedy exploration. We use the same number
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Figure 4.2: Performance of DVAEO and baselines with pixel observations. Environment
con昀椀gurations are the same as in Figure 3.1. We use six tabular eigenoptions in the four
rooms domain and 24 tabular eigenoptions in the nine rooms domain for both DVAEO
and deep eigenoptions. We train all algorithms for 100 independent runs and the shaded
region represents a 99% con昀椀dence interval.

of eigenoptions from the tabular setting, six eigenoptions in the four rooms domain
and 24 eigenoptions in the nine rooms domain, for both DVAEO and deep eigenop-
tions. This hyperparameter was not swept in this setting. We populate the replay
bu昀昀er with 1,000 random transitions in the environment before starting the learning
process.

As shown in Figure 4.2, DVAEO performs slightly better than deep eigenoptions
in the nine rooms environment, while there is no di昀昀erence in performance in the four
rooms environment. The performance gains are not nearly as signi昀椀cant as those in
the tabular setting, though. We hypothesize that this is because learning with neural
networks is much slower than in the tabular case. This could imply that the explo-
ration bene昀椀ts from eigenoptions outweigh credit assignment in these experiments.
However, the fact that there is a larger performance gain in the bigger environment
might suggest that the bene昀椀ts of DVAEO would become more evident in more com-
plex environments.

4.2 Approximating Option Policies

We now extend the previous architecture by also approximating the option’s policies
and termination conditions. We use the DDQN algorithm to learn the option poli-
cies. Unlike the tabular setting, the method for determining whether to terminate
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Figure 4.3: Performance of DVAEO (with approximated option policies) and baselines with
pixel observations. Environment con昀椀gurations are the same as in Figure 3.1. We use
six eigenoptions in the four rooms environment and 24 eigenoptions in the nine rooms
environment. We train all algorithms for 100 independent trials, and the shaded region
represents a 99% con昀椀dence interval.

an option at a given state is much more brittle because the generalization of neural
networks leads to estimates of many states changing with a single update, making ter-
mination conditions based on speci昀椀c thresholds ine昀昀ective. Klissarov and Machado
(2023) successfully utilized option policies with nondeterministic termination using
a constant β = 0.1. While this makes sense for exploration, given that randomized
termination still leads the agent toward underexplored states, our initial experiments
showed extremely high variance and slow learning when using a constant β. To re-
duce stochasticity, we terminate options 10 time steps after initiation; we obtained
this value through a hyperparameter sweep over both environments we considered.

As before, we evaluate DVAEO against deep eigenoptions (now with deep option
policies) and DDQN with ε-greedy exploration. The option policies were trained on
a version of the environment without start or goal states for 500 episodes, ensuring
that the learned policies matched the tabular policies. We again use six eigenoptions
in the four rooms environment and 24 eigenoptions in the nine rooms environment for
both DVAEO and deep eigenoptions, and we populate the replay bu昀昀er with 1,000
random samples from the environment before starting the learning process.

DVAEO with DDQN option policies performs similarly to deep eigenoptions in
most con昀椀gurations (see Figure 4.3). Using eigenoptions for exploration led to similar
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Figure 4.4: Performance of DVAEO (with approximated option policies) with same-state
termination (DVAEO-s) and without same-state termination (DVAEO) compared to base-
lines with pixel observations. Environment con昀椀gurations are the same as in Figure 3.1. We
use six eigenoptions in the four rooms environment and 24 eigenoptions in the nine rooms
environment. We train all algorithms for 100 independent trials, and the shaded region
represents a 99% con昀椀dence interval.

performance as when using them for both exploration and credit assignment. This
can be attributed to suboptimal termination conditions. The DDQN option policies
were functionally the same as the tabular ones, except for the termination condition.
When termination states are not well de昀椀ned, there are some states where the option’s
policy leads the agent into a loop and/or a wall. Since the agent cannot terminate
at such states, it has to continue taking the option until it terminates either through
chance or after n steps.

To con昀椀rm that the poor performance of DVAEO with DDQN option policies is
due to poor termination, we run the exact same algorithm, but instead of terminating
options after n steps, we terminate when the agent visits the same state in two
consecutive time steps. That is, we terminate an option if the agent stays in its
current state instead of moving to a new state.

Keeping everything else the same, we can see that when terminating after staying
in the same state, DVAEO with DDQN option policies performs better than DCEO
in the nine rooms setting (see Figure 4.4). This con昀椀rms that suboptimal termination
conditions hamper learning when approximating option policies. This issue is exac-
erbated if there is poor network initialization or bad updates due to neural network
generalization. Interrupting such options might be a promising avenue for future work.
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Chapter 5

Conclusion

In this work, we studied value-aware eigenoptions. We (1) demonstrated the bene昀椀ts
of learning option-values for pre-computed eigenoptions, (2) introduced VACE, a
method that builds on CEO to learn option-values for eigenoptions learned online, and
(3) introduced DVAEO, a deep RL method to learn option-values for eigenoptions.
Maybe even more important than the methods themselves were the discussions around
the impact of termination conditions in the function approximation setting and the
challenges of learning option-values for eigenoptions that are discovered online.

Learning accurate termination for options is vital to learning accurate option-
values. Without accurate termination, the agent may su昀昀er from signi昀椀cantly higher
variance (if termination is random), or get stuck until the option terminates (if using
n-step termination). When learning option-values for eigenoptions that are discovered
online, option persistence hinders exploration. When initial option-value estimates are
inaccurate, eigenoptions might be initiated much more frequently, making it di昀케cult
for the agent to explore nearby states after option termination.

Future work may involve methods that learn a well-de昀椀ned termination set for
eigenoptions in the function approximation setting. Potential approaches might in-
volve thresholding (Jinnai et al., 2020) and clustering (Ramesh et al., 2019) based
on the learned value function. Additionally, developing techniques to maintain the
exploration bene昀椀ts of eigenoptions once they are added to an agent’s action space
will be crucial to using option-values e昀昀ectively when eigenoptions are learned online.

More generally, this work outlines the potential and challenges associated with
using eigenoptions for credit assignment in model-free RL. We have demonstrated
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that eigenoptions exhibit potential for credit assignment, despite being initially in-
troduced for exploration. However, their potential for credit assignment seems to be
overshadowed by interactions with the state visitation distribution they induce when
they are learned online, or when used in the function approximation setting.
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Appendix A

Hyperparameters and Other
Experimental Details

For all hyperparameter sweeps, we run each con昀椀guration for 10 seeds each. We then
pick the best con昀椀guration by picking the con昀椀guration with the lowest AUC (where
the curve is the mean of the 10 seeds).

For the algorithms in Figure 3.2, we use γo = 0.99 and αo = 0.1 for VACE and
CEO, where γo and αo correspond to the discount factor and step size in the option
updates. We swept the following hyperparameters for all algorithms in all environ-
ment con昀椀gurations: ε = {0.01, 0.05, 0.1, 0.15, 0.2}, α = {1.0, 0.3, 0.1, 0.03, 0.01}, γ =

{0.99, 0.95, 0.9} and chose the best set of hyperparameters based on the AUC of the
mean time-to-goal per episode. For Q(λ), we ran a sweep on λ = {0.5, 0.6, 0.75, 0.9, 1}.

We also conducted a hyperparameter sweep on the number of eigenoptions in each
environment, leading to the choice of six eigenoptions in the four rooms domain and 24
eigenoptions in the nine rooms domain. We swept over Noptions = {2, 4, 6, 8, 16, 24, 32}

in both domains. To learn eigenoption policies, we use Q-learning with γ = 0.9

and α = 0.1. We run Q-learning for 100 episodes of 1,000 steps each and use the
intrinsic reward function. We use all bottleneck options in both environments. In the
four rooms domain there are a total of eight bottleneck options, while there are 24
bottleneck options in the nine rooms domain.

For the algorithms in Figure 3.3, we use the same values as in Figure 3.2. Intra-
option and action updates happen only in the training phase. However, options
cannot be used in the training phase and all intra-option updates are made when
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primitive actions are taken.
For the CEO and the VACE variants in Section 3.2, we use η, αo = 0.1; γo = 0.99,

and Nsteps = 1000. We swept the following hyperparameters for the CEO and
VACE variants: ε = {0.01, 0.05, 0.1, 0.15, 0.2}, α = {1.0, 0.3, 0.1, 0.03, 0.01}, γ =

{0.99, 0.95, 0.9} in the 昀椀rst con昀椀guration of both the four room and nine room settings
and use the best hyperparameters from the 昀椀rst con昀椀guration for the rest of the con-
昀椀gurations. We also ran a hyperparameter sweep over Nsteps = {100, 500, 1000, 10000}

in both the four rooms and nine rooms domains. To learn eigenoption policies, we
store all samples in a dataset and sweep over the dataset Nsweeps = 100 times us-
ing Q-learning with γ = 0.9 and α = 0.1. We use the same hyperparameters as
we did in Section 3.1 for Q(λ). For option-critic, we ran a sweep over the following
hyperparameters: α, αθ, αϑ = {0.01, 0.03, 0.1, 0.3, 1.0}, ε = {0.01, 0.05, 0.1, 0.15, 0.2},
temperature = {0.001, 0.01, 0.1} .

For the algorithms in Figures 4.2 and 4.3, we use modi昀椀ed implementations from
PFRL (Fujita et al., 2021). Pixel observations from the environments were of size
52 × 52 × 3. For all algorithms, we use γ = 0.9, an update interval of 1 step, a
target update interval of 2,000 steps, a replay bu昀昀er of size 20,000, and the Adam
optimizer (Kingma and Ba, 2015) with a step size of 10−5. We use linear ε decay
with ε = 0.1 decaying to ε = 0.05 over 180,000 steps. We also use six eigenoptions in
the four rooms domain and 24 eigenoptions in the nine rooms domain just as we did
with our tabular experiments. However, we did not perform a hyperparameter sweep
over the number of options in the deep RL setting.

To learn eigenoption policies, we train a DDQN model, with ε = 1 and a replay
bu昀昀er of size 100,000, on each eigenvector of the SR for 500 episodes of length 1,000.
When eigenoption policies are being used in either deep eigenoptions or DVAEO, they
are no longer updated and are used in evaluation mode.

For all deep RL algorithms (including eigenoption policies), we use a two-layer
convolutional network with 32 channels each, a 3 × 3 kernel, and a stride of 2,
followed by a fully connected layer with 256 nodes and then the output layer with 4
nodes (one for each action) in the action-value network and 1 node in the option-value
network.
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