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Abstract

Temporal credit assignment in reinforcement learning (RL) is the problem of associating
rewards with the past actions that contributed to them. Temporal-difference (TD) learning
assigns credit by comparing the observed and expected outcomes after each action, generat-
ing a TD-error signal which drives the improvement of future predictions. This incremental,
1-step learning approach eventually grasps long-term consequences but requires many repe-
titions to converge. In contrast, multistep approaches can learn much faster by reapplying
TD errors across multiple actions.

Eligibility traces were the main way to implement multistep credit assignment in RL,
by broadcasting errors over a fading record of recent observations. However, over the past
decade, RL algorithms have largely adopted neural networks to approximate value functions.
These deep RL methods depend on randomized experience replay to stabilize learning, pre-
cluding the use of eligibility traces.

As a result, advanced multistep credit-assignment techniques have not been widely adopted
in deep RL. The vast majority of existing replay methods opt for n-step returns, which are
computationally cheap but nonsmooth. On the other hand, A-returns offer a potential sur-
rogate for eligibility traces, but they are expensive and not commonly used in large-buffer
RL agents. In both cases, off-policy corrections are typically ignored, incurring bias in the
return estimation.

In this thesis, I establish new properties of compound returns—especially A-returns—
and discuss how to leverage them efficiently in deep RL to accelerate learning. I prove that

compound returns generally improve the bias-variance trade-off compared to n-step returns.
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Additionally, I show that all compound returns obey the recency heuristic from psychology:
the influence of a reinforcing event decreases monotonically in elapsed time. Long-tailed
compound returns like A-returns, however, are most effective for credit assignment in prac-
tice. I propose a cached-trajectory replay strategy for efficiently computing A-returns while
mitigating truncation bias and sample correlations. Finally, I generalize compound returns
with trajectory-aware returns, which jointly consider experiences in the replay memory to
produce more efficient off-policy corrections. Throughout this thesis, I evaluate the proposed

algorithms in a variety of tabular environments, imaged-based games, and robot simulations.
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Preface

The main contribution chapters of this thesis are based on four published papers, ordered
logically rather than chronologically. Specifically, Chapters 3 and 6 are based on papers
published in the proceedings of the International Conference on Machine Learning [2, 3];
Chapter 4 is based on a paper published in the Reinforcement Learning Journal [4]; and
Chapter 5 is based on a paper published in Advances in Neural Information Processing

Systems [1]. The remaining chapters (1, 2, and 7) are original to this thesis.

[1] Daley, B. and Amato, C. (2019). Reconciling A-returns with experience replay. In Neural

Information Processing Systems (NeurlPS).

[2] Daley, B., White, M., Amato, C., and Machado, M. C. (2023). Trajectory-aware eligibility
traces for off-policy reinforcement learning. In International Conference on Machine Learning

(ICML).

[3] Daley, B., White, M., and Machado, M. C. (2024b). Averaging n-step returns reduces variance

in reinforcement learning. In International Conference on Machine Learning (ICML).

[4] Daley, B., Machado, M. C., and White, M. (2024a). Demystifying the recency heuristic in

temporal-difference learning. Reinforcement Learning Journal, 3:1019-1036.
Chapter 5 is additionally supplemented by a short, unpublished technical report [5].
[5] Daley, B. and Amato, C. (2021). Virtual replay cache. arXiv:2112.03421.

During the course of my research presented in this thesis, I wrote papers on topics
related to deep RL including temporal-difference learning [10, 13, 14], experience replay [8],
partial observability [6, 9], and multi-agent RL [7, 11]. T also co-authored a paper on ads

experimentation as part of my internship at Meta [12]. Discussions of these have been omitted

v



in order to focus on the matters of multistep temporal credit assignment—except for the work

of Elelimy et al. (2025), which I briefly describe as part of future work in Section 7.2.4.
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Then there’s the idea of dissatisfaction. By this, I don’t mean a pessimistic dissatisfaction
of the world—we don’t like the way things are—I mean a constructive dissatisfaction. The
idea could be expressed in the words, “This is OK, but I think things could be done better. I

think there is a neater way to do this. I think things could be improved a little.”

— Claude Shannon
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Chapter 1

Introduction

Artificial intelligence (Al) is intelligence exhibited by a machine. Although no definition of
intelligence is universally agreed upon, McCarthy (1997) provides a succinct and satisfactory
one: “Intelligence is the computational part of the ability to achieve goals in the world.”
Notably, a goal need not be an inherent property of an intelligent system, but can instead
be a useful abstraction to describe a system’s behavior from the perspective of an observer
(Dennett, 1989; Sutton, 2020). The pursuit of Al can thus be roughly described as the
development of algorithms that achieve arbitrary goals.

An important implication of this definition is that AI must achieve many goals with
inevitably limited computational resources. The world is vast, complex, and changing; Al
must therefore be computationally efficient to enable generality (Sutton et al., 2022). From
this perspective, intelligence is the ability to continuously acquire goal-achieving behaviors
under unavoidable constraints on calculations, time, memory, and data. Self-improvement
has been considered a core component of Al since its inception (Turing, 1950; McCarthy
et al., 1955), but I emphasize in this thesis that economical self-improvement is key. The
underlying objective of my work is to understand how agents can efficiently acquire, or learn,

new behaviors toward achieving goals.

1.1 Reinforcement Learning

Reinforcement learning (RL) is a general framework for describing agents that learn to
achieve goals through trial-and-error interaction with their environments (Sutton and Barto,

2018, Ch. 1). Goals are represented by a reward signal. Each action taken by an agent



AGENT ENVIRONMENT

ACTION

>
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Figure 1.1: The standard RL model. An agent takes actions in an unknown environment,
influencing the state and receiving rewards. The agent must learn to take actions which
maximize its cumulative reward.

provides an immediate reward—which can be good or bad—and modifies the state of the
environment (see Figure 1.1). The agent seeks to maximize its return (cumulative reward)
in expectation.

The temporal credit-assignment problem in RL is the challenge of associating past actions
with the rewards they are responsible for (Minsky, 1961; Sutton, 1984). Rewards are often
delayed and partially random. When a good reward is eventually obtained, it is not evidently
clear which actions contributed to it; it could be due to a specific combination of actions
taken, or could be entirely unrelated to the agent’s conduct. Furthermore, because actions
change the state of the environment, acting greedily to obtain a good reward now may
preclude opportunities to obtain better rewards later. The return of an action is therefore
determined not only by the immediate reward it earns but also by its influence on the
acquisition of future rewards. Addressing the temporal credit-assignment problem effectively
is paramount to fast learning because the causal relationship between actions and future
rewards must be well understood to refine reward-seeking behaviors.

The most widely used class of RL algorithms for temporal credit assignment is temporal-
difference (TD) learning (Sutton, 1988). Basic TD methods operate using 1-step assignment;
they learn the ultimate values of actions by reducing an error between the return estimates
immediately before and after each obtained reward. This T'D error is the fundamental re-
inforcement signal for credit assignment in TD methods. Return estimates are updated by

applying the TD errors to them, nudging them in the direction of improved accuracy on av-
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(a) Agent Path (b) 1-step TD (¢) Monte Carlo (d) Eligibility Traces

Figure 1.2: Visual representation of different credit-assignment methods for an agent nav-
igating a maze. A reward is given for reaching the bottom-right cell. Green hues represent
the degree of credit assignment. (a) The agent takes a meandering, exploratory path to
the reward. (b) 1-step TD assigns credit only to the final cell, requiring more repetitions
to reinforce the successful behavior. (c) Monte Carlo methods assign credit to all visited
cells, which is relatively uninformative and fails to identify the correct path. (d) Replacing
eligibility traces (Singh and Sutton, 1996) with A = 0.5 smoothly assign credit to the correct
path while mostly ignoring less relevant cells.

erage. Since the TD-error signal itself depends on the estimates that it updates, TD methods
are bootstrapping methods; they learn by reusing previously learned estimates.

Multistep TD methods operate on a similar principle, but they generate compound errors
that span more than one time step. These compound errors can always be decomposed into
a weighted combination of the fundamental 1-step TD errors described above. Furthermore,
the particular way in which these TD errors are combined determines when and to what
degree the learning update depends on obtained rewards directly or instead bootstraps from
previous estimates. The vast space of possible bootstrapping choices differentiates how TD
methods address the temporal credit-assignment problem (see the example in Figure 1.2).
Mathematically, the bias of old estimates and the variance of noisy rewards pose a trade-off
which must be balanced to learn efficiently.

The decomposition of compound errors into 1-step TD errors offers two nearly equivalent
views of TD methods: the forward view and the backward view (see Figure 1.3). The forward
view waits to collect the necessary TD errors for constructing the compound error before
applying the net result. This introduces a delay between experience and reinforcement.
In contrast, the backward view applies the (reweighted) TD error on each time step to
past actions, gradually generating their total compound updates over time. The backward
view is strongly associated with TD(A) and eligibility traces (Sutton, 1988; see Section 1.2)

3



Reinforcement Eligibility of
of TD Error Stimulus

<

>
Time Since Stimulus Time Since TD Error

(a) Forward View (b) Backward View

Figure 1.3: The forward and backward views of TD learning. The forward view (a) con-
cerns the reinforcement of TD errors from the reference frame of an individual stimulus.
The backward view (b) concerns the eligibility of past stimuli from the reference frame of an
individual TD error (negative time means stimuli precede the TD error). The total reinforce-
ment applied to each stimulus is the same in both views, assuming value estimates are static.

because they admit an efficient update rule; however, in theory, any compound error has a
backward view, even if it is not implementable by a practical algorithm (see Lemma 3.5).
The two views are approximately equivalent, but differ greatly in terms of their algorithmic
implementations and related computational considerations.

For a long time, the forward view was considered a purely theoretical tool for analyz-
ing the backward view. Eligibility traces were so effective for multistep credit assignment
in classic RL methods that there was no benefit to introducing a delay for forward-view
updating. However, over the last 10 years, deep RL with experience replay has become
ubiquitous and has gradually revealed the practical utility of the forward view. Deep RL
uses neural networks to approximate return estimates. Neural networks are powerful func-
tion approximators formed by cascading multiple differentiable computational layers (see,
e.g., LeCun et al., 2015; Goodfellow et al., 2016, Ch. 6) that can learn generalizable, non-
linear representations via end-to-end backpropagation (Rumelhart et al., 1986). Deep RL
has achieved impressive feats in many domains including arcade games (Mnih et al., 2013,

2015), board games (Silver et al., 2016, 2017), real-time strategy games (OpenAl, 2018;
4



Vinyals et al., 2019), robotic control (Schulman et al., 2015a; Levine et al., 2016), 3D maze
navigation (Mirowski et al., 2017), and training large language models (e.g., Ouyang et al.,
2022; DeepSeek-Al, 2025). Experience replay is used to stabilize neural network training
(see Section 1.3), interfering with the backward view of TD learning. In particular, the
random order of reinforcement due to minibatching renders eligibility traces inapplicable,

and forward-view updates become useful for implementing multistep credit assignment.

1.2 Credit Assignment with Eligibility Traces

Eligibility traces originate from Klopf’s heterostatic theory of neurons in the brain (Klopf,
1972, 1982). At its core, the theory postulated that neurons are hedonists; they seek to
maximize an analog of pleasure and to minimize an analog of pain. (These were hypothesized
to be depolarization and hyperpolarization, respectively, of the membrane potential.) One
of the most influential pieces of the heterostatic theory to RL was that activated synapses
become temporarily eligible to undergo changes in efficacy. Actual changes to efficacy would
then be contingent on the timely arrival of a reinforcing signal. These lingering eligibilities
offered a plausible mechanism for which the Law of Effect? (Thorndike, 1898, 1911) could
emerge from local neural activity.

Eligibility traces in the familiar, modern sense were developed in actor-critic architec-
tures (Sutton and Barto, 1981; Barto et al., 1983; Sutton, 1984), being deeply inspired by
Klopf’s ideas. For practicality’s sake, two major simplifications were made. First, the notion
of a local pleasure-pain analog was replaced by a global reward signal to be optimized. This
reward signal is not directly responsible for reinforcement but instead generates the reinforc-
ing TD-error signal—in conjunction with bootstrapping—exactly as described in Section 1.1.
Second, the eligibility traces themselves follow an idealized spike-and-decay model. Upon
firing, synapses instantaneously increase their eligibilities, which then decrease exponentially
afterwards. In actor-critic methods, eligibility traces implement credit assignment for the
critic, which evaluates states to improve the actor’s control policy. The TD(A) algorithm
(Sutton, 1988) later demonstrated that eligibility traces are a general technique for solving

sequential prediction problems, independent of any particular actor. Eligibility traces be-

2The Law of Effect in psychology is the observation that the frequency of a behavior in animals is
modulated by the desirability of the experienced consequences.
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came the standard for multistep credit assignment in fundamental RL algorithms, including
Q-learning (Watkins, 1989) and Sarsa (Rummery and Niranjan, 1994).

Although many algorithmic variations have been developed over the years, the basic
principles governing eligibility traces have remained similar since TD(A). At each time step,
the agent receives a feature vector representing an input stimulus (typically corresponding
to the current state or state-action pair). A separate vector, which stores the eligibility
traces, is decayed by a constant factor, A € [0,1], and then incremented element wise by
the synaptic activations induced by the stimulus. Finally, the current TD error is applied
to all synapses in proportion to their eligibilities. This simultaneously reinforces all past
stimuli with a strength according to the elapsed time since they were experienced. This
type of gradually fading credit assignment is especially beneficial when rewards are sparse
or delayed. Moreover, each input feature needs to be processed only once, making the
computational and memory costs highly favorable.

Eligibility traces have been enormously successful for implementing multistep credit as-
signment when value estimates are represented by either a lookup table or a weighted combi-
nation of the input feature—both instances of linear function approximation. In these cases,
strong learning guarantees have been established (e.g. Sutton, 1988; Watkins and Dayan,
1992; Jaakkola et al., 1993; Tsitsiklis, 1994; Tsitsiklis and Van Roy, 1997). Although eligi-
bility traces are compatible with backpropagation (Sutton, 1989) and have achieved major
successes such as learning to play Backgammon (Tesauro, 1991), they can be unstable when
training neural networks. This instability arises from general training difficulties of neural
networks such as catastrophic forgetting (McCloskey and Cohen, 1989) and exploding and
vanishing gradients (Bengio et al., 1994), which manifest as non-contractive TD updates that
sometimes cause divergence (Boyan and Moore, 1994; Tsitsiklis and Van Roy, 1997). Al-
though these challenges are likely surmountable with new ideas, the field has largely turned
to minibatched experience replay to circumvent them (see Section 1.3). Eligibility traces are
not compatible with this particular mode of training because they must process experiences
sequentially, and have unfortunately declined in popularity as a result.

A few recent works have attempted to revive the classic, incremental training style of
eligibility traces for neural networks (see Section 7.2.4). However, experience replay remains

the most widely used and successful training technique for deep RL. As of this writing, there is
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no RL method that learns from a single stream of experience, without replay, that can match
the performance of the state-of-the-art deep RL agents discussed in Section 1.3. As such,

finding alternative ways to achieve multistep credit assignment in deep RL remains crucial.

1.3 Credit Assignment with Experience Replay

Experience replay is commonly attributed to Lin (1991, 1992), though elements of experience
replay can be found in earlier RL architectures for planning (e.g., Dyna-Q; Sutton, 1990).
Lin’s primary motivation was data reuse in robotics, where environment interactions are
expensive. The sample efficiency of RL algorithms can be greatly increased by saving and
repeatedly processing past training samples. Another crucial role of experience replay is to
mitigate catastrophic forgetting in neural networks by repeating past training examples, as
demonstrated by Neural Fitted Q Iteration (NFQ; Riedmiller, 2005). NFQ was an early
network-based RL method which combined batch training with a target network to stabilize
Q-learning, laying the groundwork for later deep RL methods.

Experience replay gained mainstream popularity after the breakthrough success of Deep
Q-Network (DQN; Mnih et al., 2013, 2015): a convolutional neural network (LeCun et al.,
1998) trained by Q-learning to play Atari 2600 arcade games. DQN was a landmark achieve-
ment, proving that neural networks could learn human-level control policies just from raw
pixel images and trial-and-error reward maximization. Central to DQN’s success was its
influential style of experience replay using minibatches—already a common practice in deep
learning research of the time (e.g., Krizhevsky et al., 2012), but not in RL. Unlike NFQ),
DQN interleaved environment interaction and training, buffering new experiences in a finite-
capacity replay memory while occasionally sampling and training on minibatches of old
experiences. This ensured a continual influx of fresh, exploratory experiences that would
overwrite outdated, counterproductive ones. Experience replay in this manner has become
a staple of modern RL algorithms including DDPG (Lillicrap et al., 2016), TD3 (Fujimoto
et al., 2018), SAC (Haarnoja et al., 2018), and many others since.

Minibatched experience replay is crucial for decorrelating updates and reducing variance
while keeping computational costs relatively low. Unfortunately, as discussed in Section 1.2,

eligibility traces are no longer possible in this setting because experiences are processed non-



sequentially. Moreover, experience replay with multistep returns produces off-policy bias,
owing to the fact that the replay buffer’s data distribution does not match that under the
agent’s behavior policy. Correcting this bias with importance sampling (Kahn and Mar-
shall, 1953) greatly exacerbates variance, which can be more detrimental than the bias itself
(Precup et al., 2000). As a result, many deep RL agents—including all of the examples men-
tioned above—rely on simple 1-step credit assignment to avoid the complexities of multistep
learning and off-policy corrections. However, this leads to slow learning in many cases.

A potential surrogate for smooth multistep credit assignment in deep RL, where eligibil-
ity traces are not possible, is A-returns. The A-return is the hypothetical target of TD()\) and
Q(\) updates, equivalent to an exponentially weighted average of n-step returns (Watkins,
1989), which I discuss below. Direct computation of A-returns (without eligibility traces) is
possible using the states, actions, and rewards already stored in the replay memory. Cichosz
(1994) first proposed using (truncated) A-returns as a forward-view target for TD learn-
ing, mainly as a more efficient alternative to eligibility traces in tabular or memory-based
representations (which are no longer common). Much later, van Seijen (2016) showed that
truncated A-returns could address some of the training difficulties associated with neural
networks and eligibility traces. However, A-returns are expensive to compute in minibatches
because each return estimate depends on many value estimates, each of which requires an
expensive forward pass through the neural network. In deep RL, several works have sought
to reduce this cost by modifying the replay buffer to return minibatches of short trajectories
(e.g., Munos et al., 2016; Harb and Precup, 2016; Wang et al., 2017; Kozuno et al., 2021,
Tang et al., 2024).3 This enables more efficient calculation by sharing value estimates. While
trajectory replay with A-returns does achieve eligibility-trace-like credit assignment suitable
for deep RL, the downsides are excessive return truncation (which inhibits credit assignment)
and harmful sample correlations within the minibatches.

A simpler and computationally cheaper alternative to A-returns is n-step returns. The
n-step return is the most basic multistep estimator: it sums the immediate n rewards and
then bootstraps from the following value estimate. Compared to A-returns, n-step returns are

much less expensive, as each one needs only a single forward pass through the neural network.

30ften, A\-returns are conflated with eligibility traces in this setting (e.g., Harb and Precup, 2016), high-
lighting the general misunderstanding surrounding these concepts. True eligibility traces utilize only 1-step
TD errors and have no memory beyond the trace vector itself, which is one of their most appealing features.
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Again, Cichosz (1994) first proposed using n-step returns as a forward-view target—the
special case of truncated A-returns when A = 1. Much later, in deep RL, Rainbow (Hessel
et al., 2018) popularized n-step returns for multistep credit assignment in large-buffer replay
methods.? Since then, n-step returns have become prevalent in deep RL (e.g., Horgan et al.,
2018; Kapturowski et al., 2018; Schrittwieser et al., 2020; Wurman et al., 2022; Tang et al.,
2022; Chebotar et al., 2023; Schwarzer et al., 2023).

Although n-step returns are easier to combine with minibatched experience replay, they
are a relatively primitive form of credit assignment. More specifically, they are nonsmooth
and do not integrate information across multiple value estimates. They also lack corrections
for the off-policy bias in experience replay discussed previously. Although there has been
extensive research into more sophisticated forms of multistep credit assignment in off-policy
RL (e.g., Sutton et al., 2014; Harutyunyan et al., 2016; Munos et al., 2016; Mahmood et al.,
2017; Rowland et al., 2020), they are comparatively difficult to implement in deep RL, and
basic n-step returns remain commonplace. A unifying goal of my contributions in this thesis
is to further develop multistep credit-assignment techniques and efficiently deploy them in
large-buffer deep RL. The emphasis on the large-buffer regime is key, as on-policy actor-
critic methods such as TRPO (Schulman et al., 2015a), A3C (Mnih et al., 2016), and PPO
(Schulman et al., 2017) learn from short trajectories that make A-returns feasible (Schulman
et al., 2015b). However, in off-policy replay algorithms like DQN and SAC, which have
replay buffers typically on the order of millions of samples, this is not the case and n-step

returns are more commonly used instead.

1.4 Thesis Statement

The principal claim of this work is the following:

Compound returns, especially A\-returns, can be efficiently implemented
in deep RL with experience replay to improve the bias-variance trade-

off and increase sample efficiency in complex environments.

Compound returns are multistep returns formed by weighted averages of two or more

4A3C (Mnih et al., 2016) was probably the first deep RL algorithm to apply n-step returns, but it did
not use experience replay and instead relied on parallel simulated environments to randomize minibatches.
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n-step returns. I coined the term compound return (Daley et al., 2024b) to refer to the tar-
get of a compound update (Sutton and Barto, 2018, Sec. 12.1): a TD update made toward a
weighted average of n-step returns.® The A-return is a special case of compound return with
exponential weights. All compound returns are equally valid targets for TD learning in the
sense that they reduce prediction error on average (Watkins, 1989, Sec. 7.2). Other exam-
ples of compound returns include vy-returns (Konidaris et al., 2011) and Q-returns (Thomas
et al., 2015), but they are less common than A-returns, which remain popular for their ef-
ficient recursive formula. By definition, a compound return bootstraps from multiple value
estimates, unlike an n-step return. Because even small networks by today’s standards can
have millions of parameters, the computational cost from bootstrapping becomes nontrivial.
For this reason, compound returns including A-returns have been challenging to deploy in
large-buffer deep RL, and n-step returns are most widely used.

The bias-variance trade-off in RL is the problem of simultaneously minimizing the bias
from bootstrapping and the variance from sampled rewards. This trade-off is exacerbated
in off-policy learning, where the distribution mismatch contributes additional bias, but cor-
rection techniques dramatically increase variance. The bias-variance trade-off was initially
hypothesized to exist for the choice of A in TD(A) (Sutton, 1988; Watkins, 1989, Sec. 7.2.1)
and was later established formally for both n-step returns and A-returns (Kearns and Singh,
2000). Both A and n interpolate between 1-step TD methods (n = 1 or A = 0) and Monte
Carlo methods (n — oo or A = 1), but direct theoretical comparisons between them were not
made for a long time. It was believed that n-step returns and A-returns differed primarily by
their algorithmic implementations and were otherwise equivalent means of controlling the
bias-variance trade-off. In Chapter 3, I show how A-returns, and compound returns more
generally, do exhibit different (and often favorable) bias-variance properties compared to
n-step returns.

Sample efficiency is a measure of learning efficiency based on the number of environment
interactions an agent needs to reach a target performance level. For example, an agent
that achieves a higher cumulative reward than another after the same number of environ-
ment interactions can be said to be more sample-efficient—a comparison commonly made

in deep RL experiments. Other possible definitions of efficiency are formulated in terms

®Compound updates were called complex backups in older literature (Sutton and Barto, 1998, Sec. 7.2).
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of wall-clock time or the total number of calculations. However, these can be highly de-
pendent on implementation details such as hardware architecture, parallelization, and code
optimization, making them potentially less informative as measures of learning capability.
For these reasons, I mainly focus on sample efficiency as a key indicator of agent performance
in this thesis, although I do analyze the real-time efficiency of different replay strategies in
Chapter 5 as well.

By complex environments, I refer to environments with many possible states and in
which value estimates cannot simply be expressed as linear combinations of the state features.
Consequently, lookup tables or linear function approximation become insufficient for learning
value functions. This is especially the case, for example, when states are represented as high-
dimensional images (e.g., Atari 2600 games; Bellemare et al., 2013). Neural networks are
able to extract useful, nonlinear features in these environments, but they become expensive
with compound returns, which bootstrap from the value function more than n-step returns.

[ support my thesis statement with a combination of theoretical analysis, algorithmic de-
velopment, and computational experiments. I primarily focus on value-based deep RL agents
such as DQN: those that determine their control policies from value functions learned by
(off-policy) TD methods and experience replay. This allows me to more easily disentangle
the effects of multistep credit assignment from those of other important issues in deep RL
such as policy learning and exploration. I typically start by evaluating my algorithms in
small tabular environments to demonstrate their feasibility or to illuminate certain proper-
ties. Often, the insights gained are agnostic to the particular implementation of the value
function, allowing me to transfer them to the deep RL setting described above. I then use
image-based games such as MinAtar (Young and Tian, 2019) and Atari 2600 (Bellemare
et al., 2013), and sometimes MuJoCo robotic simulations (Todorov et al., 2012), to demon-
strate the applicability and scalability of these ideas with neural networks. Notably, the
algorithms I propose in this thesis are not restricted to neural networks; they equally apply
to all differentiable function approximators, and are especially relevant for nonlinear and
computationally expensive ones. However, I have chosen to focus the discussion on neural

networks because of their modern practical significance.
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1.5 Contributions by Chapter

The topics in this thesis can be roughly bifurcated into properties of multistep return esti-
mators (Chapters 3 and 4) and algorithms for learning from trajectories of past experiences

(Chapters 5 and 6). Below, I provide an overview of the contributions within each chapter.

Chapter 2: Background I provide relevant context for the topics discussed in this thesis

and introduce mathematical notation accordingly.

Chapter 3: Variance Reduction via Averaging n-step Returns I introduce reason-
able assumptions for modeling return variance, building upon the work of Konidaris et al.
(2011). Under these assumptions, I prove that compound returns have a variance-reduction
property relative to bias-equalized n-step returns. I show that this property improves sample
efficiency: theoretically with linear function approximation and empirically with nonlinear

function approximation.

Chapter 4: Demystifying the Recency Heuristic I mathematically formalize the
notion of the recency heuristic in TD learning. I prove this heuristic is satisfied only by
compound and n-step returns; other returns that violate the heuristic cause divergence in
some tabular environments. Finally, I conduct experiments to understand why A-returns are
particularly effective for credit assignment, finding that the length of the return’s eligibility

window is more important than its smoothness.

Chapter 5: A-Returns with Experience Replay I summarize existing approaches
for implementing A-returns in experience replay and discuss their deficiencies in terms of
computational cost, return truncation, and sample correlations. I propose a new algorithm
called cached-trajectory replay which ameliorates these three issues. I develop DQN()) based
on cached-trajectory replay and show it is competitive with n-step DQN in Atari 2600 games.

Chapter 6: Trajectory-Aware Off-Policy Corrections I introduce trajectory-aware
returns for off-policy learning, which generalize the per-decision estimators studied by Munos

et al. (2016). I prove conditions for the convergence of the corresponding trajectory-aware
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operator for prediction and control, settling an open problem in the latter case. I propose
a new trajectory-aware off-policy algorithm called Recency-Bounded Importance Sampling

(RBIS) and demonstrate its superiority over existing methods in several gridworld topologies.

Chapter 7: Discussions and Future Work [ summarize my contributions, discuss
potential avenues for future work, and survey recent attempts to combine deep RL with

backward-view eligibility traces. I conclude with some remarks about Al research.
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Chapter 2

Background

An RL agent interacting with its environment is commonly formalized as a Markov decision
process (MDP). The MDP is specified by a tuple: (S, A, p, R, dy,7). The discrete® sets S,
A, and R contain the possible environment states, agent actions, and scalar rewards, respec-
tively. The function p represents the environment’s dynamics in terms of state transitions
and rewards. Taking action a € A in state s € S transitions the environment to state s’ € S
and yields reward r € R with probability p(s’,r | s,a). The transition dynamics satisfy
the Markov property; they are conditionally independent of the process history, given the
current state and action. The environment’s initial state Sy is sampled from dy(-), where
do: S — [0,1] is the start-state distribution. The discount factor v € [0, 1] determines the
agent’s relative preference for delayed rewards.

The agent executes a policy 7, which maps states to distributions over actions. At each
time step ¢ > 0, the agent executes an action A; ~ 7(- | S;), transitioning the environment
to a new state S;y; € § and yielding a reward R;; 1 € R. In continuing environments, this
process repeats indefinitely and the agent experiences a stream of environment interactions:
(So, Ao, R1), (51, A1, Rz),... and so on. In episodic environments, a terminal state may be
encountered, in which case the next state is resampled from dy(-). For ease of presenta-
tion, the equations in this thesis typically ignore episode terminations, but these details are

discussed as needed for algorithms and experiments.

6] assume these sets are discrete for ease of exposition. In many cases, the results in this thesis extend to
uncountable sets by replacing sums with integrals.
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The discounted return earned by the agent at time ¢ is defined as

Gy = Z WiRt+1+z' .

i=0
In continuing environments, a restriction of v < 1 is needed to ensure finite returns. The
discounted return is also called the Monte Carlo return because of its use in Monte Carlo
estimation, but it has many other applications in RL.

RL agents are typically classified as one of two types: prediction or control. Prediction
agents seek to estimate the expected discounted return earned by 7 in each state.” Because
the policy is assumed to be fixed in this case, the MDP becomes a Markov chain with
rewarded transitions: i.e., a Markov reward process (MRP). On the other hand, control
agents seek to improve 7 until it maximizes the expected discounted return earned in each
state—at which point an optimal policy has been learned. Prediction and control are closely

related because accurately estimating the returns is often needed for policy improvement.

2.1 Value Functions and Bellman Operators

Most RL agents learn value functions: mappings from states or state-action pairs to their

conditionally expected discounted returns. The state-value function v, is defined as
Ur(s) = E[Gy | S = s],

where the expectation, E,, implies actions are sampled according to 7. Analogously, the

action-value function ¢, is defined as
qr(s,a) = E;[Gy | (S, Ar) = (s,a)].

Estimating ¢, is significant because the greedy® policy with respect to ¢, is guaranteed to
either perform better than 7 or be optimal. If the policy is an optimal policy (there may
be multiple for a given MDP), then it is denoted by 7, and its corresponding action-value

function is denoted by ¢,.. Every optimal policy is greedy with respect to the same ¢,.

"More generally, prediction agents can estimate any signal, which is the idea underlying General Value
Functions (GVFs; Sutton et al., 2011). However, I focus exclusively on the reward signal in this thesis.

8Greedy with respect to Q means executing action arg max Q(s, a), where ties may be broken arbitrarily.
acA
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Value functions satisfy recursive equations known as Bellman equations (Bellman, 1957).
The function v, is the unique solution to the Bellman expectation equation for state values:
vrls) = Do mla | 5) D0 3wl r [ s,0) (r+yen(s)

acA s’eSreR

The function ¢, is the unique solution to the Bellman expectation equation for action values:

qr(s,a) = Z Zp(s/,r | s,a) (T’ + 7 Z m(d | s qw(s/,a/)> :

s'eSreR a’'eA
For mathematical convenience, value functions can be represented as vectors: i.e., v, € RISl
and g, € RS*Al Each element of a vector corresponds to the value estimate for a partic-
ular state or state-action pair. (The order of the elements does not matter as long as it is
consistent.) This allows the above Bellman equations to be simplified dramatically. First, I
define another function which represents the expected reward for each state-action pair:

r(s,a) = Zer(s',r | s,a).

reR s'eS

Again, this can be represented as a vector, r € RIS*Al.
Next, I introduce several linear operators, which can be represented as matrices that
transform the above vectors. Let E, : RIS*Al — RISI he defined such that

(Exq)(s) =Y m(a|s)q(s,a).

acA

Additionally, define P: RISl — RIS*Al such that
(Pv)(s,a) = Z v(s") Zp(s',r | s,a).
s'€S reR
These basic operators allow me to concisely express relationships between different value
functions. For example, the definitions of the state- and action-value functions imply that
v, = E.q, and g, = r + y7Pv,.

Note that here and throughout my thesis, I bold value functions and linear operators
when they appear as algebraic quantities. This indicates that they can be represented as
vectors or matrices, respectively. In all other contexts, I do not apply boldface, even for the
same objects (e.g., when invoking a value function with an argument or defining an operator

element-wise).
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I now define the Bellman operator, a value-function operator that represents one sweep
of dynamic-programming policy evaluation. I overload T to denote both the state-value

and action-value Bellman operators, defined respectively as

Twv = E (r +vyPv),

T.q =r+vPE.q.

Note that T} is not bolded, because it is affine rather than linear. With these definitions,

the Bellman expectation equations simplify to

Vr = Tﬂvw 5

qr = 17qx .

These equations make it clear that v, and g, are fixed points of their respective Bellman
operators. In fact, when v < 1, Ty is a contraction mapping (Bertsekas, 2007, Sec. 1.4)
and these fixed points are unique. Let exponentiation denote operator iteration such that
Trv = To(TF'v) and Tv = v. Tt follows that Jim. Trv = v, or Jim. TFq = qx, for all
v € RISl or g € RIS*Al by the Banach fixed-point theorem (Banach, 1922).

Note that iterating these operators until convergence—i.e., dynamic programming—is
not possible in the RL setting, since it requires knowledge of the MDP dynamics, which is
assumed to be unavailable. Dynamic programming would be computationally intractable in
high-dimensional environments of interest anyway. However, operators remain useful tools
for understanding the convergence of RL algorithms. Prediction methods in RL approximate

vy or g from sampled data, assuming the policy 7 is fixed. Value-based control methods

either track ¢, as m improves (e.g., Sarsa) or attempt to directly estimate ¢, (e.g., Q-learning).

2.2 Temporal-Difference Learning

TD learning (Sutton, 1988) is a class of RL algorithms that update each estimated state
value V(S;) proportionally to the error with respect to a new estimate G;. The general

forward-view TD update is
V(S) V(S +ai (G = V(). (2.1)
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where oy € (0, 1] is the step size. Although «; formally depends on time, it is commonly set
to a fixed value « in practice. Eq. (2.1) is called a backup (Samuel, 1959). The arrow (<)
denotes reassignment of V(.S;) to its new value. There are many possibilities for the target
Gt, the choice of which alters the learning properties of the TD algorithm (see Section 2.3).

More formally, TD learning is connected to the operator theory from Section 2.1 by
considering G, to be a sample from the noisy application of some value-function operator,

H: RISl - RIS, That is, for some zero-mean noise process w;, the return estimate is equal to
Gt = (HV)(St) + wy .

In other words, the operator H provides the expected value of the TD backup in Eq. (2.1).
Thus, by analyzing the convergence properties of H in a dynamic-programming sense, similar
convergence guarantees can typically be established for the TD method it represents.

For example, the fundamental 1-step TD update, also known as TD(0), constructs G,
from the immediate reward and the next state’s estimated value: @t = Ry + 7V (Si1).
In this case, the corresponding operator is the Bellman operator, T,. With this choice, the

error in Eq. (2.1) becomes
0y = Rip1 + 7V (Se1) = V(S)

which is known as the TD error and is fundamental to value-based RL methods. When «;
is appropriately annealed (Robbins and Monro, 1951) and the policy 7 sufficiently explores
the state space, TD(0) converges to v, (Jaakkola et al., 1993; Tsitsiklis, 1994), because v, is
the unique fixed point of 7.

So far, T have assumed that the value function V' (s) is a lookup table. In practice, environ-
ments will have many possible states, making approximation and generalization necessary.
The most well-studied form of function approximation is linear. Here, each state s € § is
associated with a feature vector £ € R, and the value function is parameterized by a
weight vector w € RV, The value estimate for any state s € S is obtained by evaluating
the dot product of its feature vector and the weight vector. Let X be the matrix whose
rows are the feature vectors. The estimated value function is obtained by the multiplication

v = Xw. Letting x; := X (5;), a value backup like Eq. (2.1) now becomes

w — w + oy (Gt — wth) T;. (2.2)
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Because the linear function is underparameterized, the result of the Bellman operator,
Tv, will almost surely lie outside the span of the feature vectors; the result must be projected
back onto the manifold of representable value functions. Let d: & — [0,1] be a state-
weighting distribution? and define D := diag(d). The linear projection operator is equal to

the matrix

IMI=X(X'DX)'X'D (2.3)

(see Tsitsiklis and Van Roy, 1997, Eq. 1). TD methods under linear function approximation

therefore solve the projected Bellman equation,
7, (Xw) = Xw. (2.4)

Analogous results for action-value methods exist as well. In this case, the value backup

operates on an action-value estimate, Q(S;, A;), and is defined as

Q(Si, Ay) < Q(Si, Ar) + ay (Gt - Q(S;, At)) )

where (3, represents a sample estimate from an operator H applied to Q. Linear function
approximation is achieved by extending the notions of feature vectors and the weighting

distribution from states to state-action pairs.

2.3 Multistep Returns

Credit assignment with the 1-step TD error can be slow, as it suffers from high estimation
bias. Multistep returns reduce bias and can significantly accelerate learning. The simplest

multistep return estimator is the n-step return:

n—1
G = (ZviRM) +9"V(Sten) (2.5)

=0
The n-step return combines the immediate n discounted rewards before bootstrapping from
the value function, generalizing the notion of the 1-step TD estimate discussed previously.
The n-step return corresponds to a sample estimate of the n-iterated Bellman operator, 7.
Increasing n enhances the immediate sensitivity to future rewards and decreases the bias,

but at the expense of greater variance which may require more samples to converge to the

9Typically, this is the stationary distribution, assuming that the MDP is aperiodic and irreducible under 7.
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true expectation. As n — oo, the dependency on the value function vanishes and G,g") — Gy,
the Monte Carlo return. The choice of n therefore faces a bias-variance trade-off (Kearns
and Singh, 2000). Although not commonly presented in this form, the n-step return is also
expressible as a discounted sum of n TD errors:

n—1

GV =V(S) + Y70, (2.6)

i=0
which is useful for proving a number of theoretical results.

The A-return is an alternative multistep return estimator which originates from TD(\).
It is derived as a sum of discounted TD errors, which turns out to be equivalent to an

exponentially weighted average of n-step returns:

G =V (S)+ > (YN 6, (2.7)
1=0
=(1=N)_ata, (2.8)
n=1

where A € [0, 1] is a decay hyperparameter. Although the infinite sum is not feasible to com-
pute without episode termination or artificial truncation, it can be generated from sequential
experiences efficiently using eligibility traces (see Section 2.4). When A = 0, Eq. (2.7) re-
duces to the 1-step return.'® When A = 1, Eq. (2.8) reduces to the Monte Carlo return.
The A-return can thus be seen a smooth interpolation between these methods, presenting a
bias-variance trade-off in the choice of A as well (Kearns and Singh, 2000).

More generally, any weighted average of two or more n-step returns is also a well-defined
return estimator (Watkins, 1989, Sec. 7.2). I call such a weighted average a compound return:

[e.9]

G =Y Gy, (2.9)

n=1
where ¢ is an infinite sequence of nonnegative weights such that >~ ¢, = 1. In practice,
¢ must be sparse or otherwise truncated to enable feasible computation. Examples of other
compound returns include 7-returns (Konidaris et al., 2011) and Q-returns (Thomas et al.,

2015), though A-returns are the most common.

10Technically, I must also define 0° := lim,_, g+ 2% = 1.
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2.4 Eligibility Traces

Multistep backups in the form of Eq. (2.1) are acausal; they must be delayed until the
necessary quantities needed for constructing G, are available. This is the “forward view” of
TD learning. In general, this is the only way to implement arbitrary return estimates.

In the special case of A\-returns, eligibility traces provide an efficient mechanism for zero-
delay learning, by incrementally generating the total update from individual TD errors as
they are experienced. This is known as the “backward view” view of TD learning. Theoreti-
cally, every return estimator has a backward view, but it cannot be implemented with eligi-
bility traces unless there is some exploitable structure like the exponential decay of A-returns.

Recall from Eq. (2.7) that the A-return can be expressed in terms of an infinite sum of
time-decaying TD errors. The weight on each TD error is then a uniform, recursive function
of the previous TD error’s weight: (yA\)" = v\ - (yA)*"!, where 7 is the time elapsed since the
reinforced experience. Eligibility traces exploit this remarkable property to efficiently track
each feature’s receptiveness to the current TD error. The traces are represented by a zero-
initialized vector z € R™ that is decayed and incremented after each state visitation. The
TD(\) algorithm updates the value-function weights with the current TD error in proportion

to the eligibility traces:

Z Az +xy,

w < w+ iz .
Crucially, learning now occurs on every time step, without delay. TD(\) does not produce
exactly the same updates as using G7 in Eq. (2.2) does, but the discrepancy is small when
the step size, a4, also remains small. If the value-function parameters w were held fixed for

all ¢, then these two different learning procedures would generate the same total parameter

change, and in this sense the forward and backward views are equivalent.'!

2.5 Experience Replay

Experience replay is a training technique for deep RL where each transition (S;, A;, Sy11, Riy1)

is buffered in a first-in, first-out (FIFO) memory D, and randomly resampled multiple times

HForward-backward equivalence while the parameters change during learning is possible for true online TD
methods (van Seijen and Sutton, 2014; van Seijen et al., 2016), but only with linear function approximation.
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for training. The rationale is to repeatedly present training samples to the network to pre-
vent it from drifting away from previously learned values. This is a significant departure
from the previously discussed RL algorithms, which all process experiences in the order they
were collected. Consequently, eligibility traces are not directly applicable here.

Before discussing the details of experience replay, I show how to generalize TD updates
to nonlinear function approximators such as neural networks. To avoid confusion with the
linear case, let @ € R™e be the network parameters. If the network were linear, then the
gradient would just be VV(S;) = V(0'z;) = x;.'2 In fact, it turns out that making this
substitution, ; = VV(S;), in Eq. (2.2) produces the exact generalization of TD(0) for neural
networks proposed by Sutton (1989):

9« 0+ a (Gt - V(St))v V(S,)

However, since value-based deep RL methods learn action values for control, I present this
equation in terms of Q(s,a) below. For any differentiable action-value function, a value

backup has the form
0+ 0+a (ét —Q(S., At))V Q(S:, Ay) .

However, this incremental update is not stable and is not pursued in this thesis, though I
discuss it as part of future work in Section 7.2.4.

Notably, if I consider a stale copy @~ of the network weights—commonly referred to as
a “target network” in deep RL (Mnih et al., 2015)—for computing Gt, then the TD update

can be written as the stochastic minimization of a mean squared error:'3

174 2
0(—9—OétV§<Gt—Q(St,At)) .

This implies that TD updates can be made independently of the order in which experiences

are collected, by minimizing the loss

£O)—E B (G- a. A))Q] | (2.10)

12Tn this thesis, the symbol V is always assumed to mean the gradient with respect to the value-function
parameters. It is also assumed that V returns a column vector. Other inputs to the value function (e.g., S)
are not considered differentiable arguments, to avoid the need for partial derivatives and simplify notation.

13 Although TD resembles a stochastic gradient descent update, it does not follow the gradient of any
objective function (Barnard, 1993). The derivation from a squared-error loss only works when G‘t is considered
a constant with respect to differentiation. For this reason, TD methods are classified as semi-gradient
methods (Sutton and Barto, 2018, Sec. 9.3).
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where the expectation is taken over samples uniformly distributed from the replay memory:
(S, A, C?) ~ U(D). In practice, computing the expectation over the entire replay memory is
too expensive, and minibatches are used instead. As a result, experiences are not reinforced

in order they were collected, and may be used multiple times for learning.

2.6 Off-Policy Corrections with Importance Sampling

Off-policy prediction is where the agent learns the value function for a target policy m, while
acting according to a (different) behavior policy b. Off-policy learning is nearly inevitable in
control algorithms that rely on experience replay; as the agent’s policy changes, the behavior
data distribution in the replay buffer does not match that of the target policy.

For ease of exposition, I abstract away the details of experience replay when discussing
off-policy corrections by assuming that samples are always collected from the same behavior
policy, b. Applying any of the previously considered return estimators would yield biased
expected returns, converging to ¢, instead of ¢,. Note that on-policy algorithms such as
PPO avoid this issue by discarding off-policy data, but they are less efficient because they
do not benefit from data reuse as much—one of the main perks of experience replay.

Importance sampling (IS; Kahn and Marshall, 1953) is the most common approach for
correcting off-policy bias in RL. The IS ratio at time ¢ is defined as p; == m(A; | St)/b(Ar | St).
[ assume that 7(a | s) >0 = b(a | s), such that this ratio is always well-defined.

Before applying the IS corrections to a return estimate, I first note that each TD error

can be partially corrected by computing its expected value under 7:

of = Ryp1+7 (Z m(a" | Siy1) Q(Sita, a')) — Q(S1, Ar) .

a’'eA
That is to say, it holds that Ey[6] | (S¢, Ai) = (s,a)] = EL[0F | (S, At) = (s,a)], which is
not true in general for the standard TD error, d;. The main role of IS is thus to correct
the remaining discrepancy between the multistep trajectory distributions under the differing
target and behavior policies.
A naive correction would multiply an entire return estimate Gy by the product of IS
ratios along the trajectory, but this would greatly amplify the variance. An equivalent,

lower-variance estimator uses per-decision corrections (Precup et al., 2000). Per-decision cor-
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rections reduce variance by correcting each transition only as needed, exploiting the Markov

property of the MDP. For example, the action-value A-return is corrected as

00 t+1
G? = Q(Sy, Ay) + Z(’Y)\)i < H Pj) Of4i»

i=0 j=t+1

where Hé’:t 41 pj = 1 to handle the i = 0 term. Still, this estimator can have unacceptably
high variance in practice.

Variance can be further reduced by modifying the IS ratios themselves. This exchanges
variance for bias, allowing finer control over the bias-variance trade-off. Munos et al. (2016)

introduced generalized per-decision corrections, which have the form

00 t+1
Gy = Q(Si, Ay) + Z’Yi ( H ﬁj) Ofts s (2.11)

i=0 j=t+1
where p; := h(S}, A;), the function h: S x A — R is an arbitrary weighting over state-action

pairs, and [] = 1 to again handle the i = 0 term. This generalizes the corrected

joti1 D5
A-return by replacing Ap; with an arbitrary coefficient, p;. As long as 0 < p; < p; al-
ways holds, any choice of h guarantees convergence to ¢, (Munos et al., 2016, Theorem 1),
though different choices may have beneficial properties. For example, Retrace (Munos et al.,
2016) defines p; = Amin(1, p;) to ensure that the product of coefficients cannot grow ex-
ponentially, thereby limiting variance. Tree Backup (Precup et al., 2000) is equivalent to

p; = AT(A; | S;), which produces a conservative, convergent algorithm that does not require

knowledge of b. These and several other off-policy examples are detailed in Chapter 6.
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Chapter 3

Variance Reduction via
Averaging n-step Returns

In the absence of stochasticity, learning would be easy. Monte Carlo returns would assign a
deterministic value to each action that perfectly reflects its expected utility. In reality, vari-
ance from the policy, environment, and rewards greatly limits the useful length of multistep
returns. Mitigating this variance is key to reliably assigning credit over longer horizons.

Compound returns are multistep estimators formed by averaging two or more n-step
returns. Watkins (1989) developed the concept of compound returns by studying the theo-
retical target of TD(\), an exponentially weighted average of n-step returns now known as
the A-return. More generally, he showed that any weighted average of n-step returns has an
error-reduction property and is a theoretically sound target for TD learning.

Being an average of statistical estimates, it would seem that compound returns should re-
duce variance. However, this had never been documented in the RL literature. In the absence
of any assumptions about the environment, Monte Carlo returns can actually have lower vari-
ance than 1-step returns (see Counterexample 3.3), defying the conventional wisdom of boot-
strapping. Additionally, two distinct n-step returns obtained from a sampled trajectory are
not independent, so averaging them does not necessarily reduce variance. Finally, when vari-
ance reduction is achieved, it does not automatically make learning faster if bias is increased.

For these reasons, the question of variance reduction turns out to be highly complex. My
key insight is that the variance of two returns can be meaningfully compared when their biases
are equalized. Using this and additional assumptions, I prove that compound returns exhibit

a variance-reduction property which improves sample efficiency compared to n-step returns.
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3.1 Variance Assumptions and Motivation

I start by developing reasonable models for the variance of n-step and compound returns,
building on the work of Konidaris et al. (2011). Note that the real quantity of interest in
this chapter is the conditional variance of the backup error, G, — V(S;). The degree of this
quantity’s deviation from its expected value is what ultimately impacts the performance of
value-based RL backups like Eq. (2.1). Nevertheless, this turns out to be the same as the

conditional variance of the return, since V' (S;) contributes no randomness:
Var[ét — V(St> ’ St] = Var[@t | St] . (31)

This equivalence allows the variances of a return and its error to be interchanged, depending
on which is more computationally convenient.

Modeling a compound return’s variance is challenging because it typically requires making
assumptions about how the variance of n-step returns increases as a function of n, as well
as how strongly correlated different n-step returns are. If these assumptions are too strong,
the derived variances fail to reflect reality and lead to poorly informed algorithmic choices.

For instance, consider the following compound return, which I call a two-bootstrap return:
(1—0)G™ +cG™, ce(0,1), ni<ny. (3.2)
Let 02 == Var[G\") | S,]. The variance of Eq. (3.2) is

(1 =)0 + Por, +2c(1 — ¢)on,0m,p,

where p = Corr[ngl), GE"Q) | S;]. To evaluate this expression, it is tempting to assume either

p = 0 to remove the covariance term, or p = 1 because both returns are generated from the
same trajectory. However, neither assumption is fully correct. This can be seen more clearly
by decomposing the returns into their constituent TD errors using Eq. (2.6):

ny—1

ngl) =V (S) + Z Vot
1=0
ni—1 ng—1

GEM) — V(St) + Z ’Yi5t+z' + Z ﬁ/i(sﬂr%
1=0

i=n1
Because the returns share the first n; TD errors, averaging them as in Eq. (3.2) can only

reduce the variance from the last no —n; TD errors (highlighted in red above). Two different
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n-step returns are therefore neither uncorrelated nor perfectly correlated; they consist of
various random elements, some of which are shared and cannot be averaged, and others
which are not shared and can be averaged. Models that fail to account for this partial
averaging lead to poor variance predictions.

To be more accurate, the variance model should start with the TD error as the funda-
mental unit of randomness within a return. In the following analysis, I generalize the n-step
return variance assumptions made by Konidaris et al. (2011, Sec. 3) to obtain an expression
for the covariance between two TD errors. I assume that there exist & > 0 and p € [0, 1]

such that the following hold:

Assumption 3.1 (Uniform TD-error variance). Var[d;,; | Si] =k, ¥V i > 0.

Assumption 3.2 (Uniform TD-error correlation). Corr[diy, 0evj | St) = p, Vi >0,V j #i.

Under these assumptions, each TD error has equal variance, and all pairs of distinct TD
errors are equally correlated (implying they have the same covariance).

Although these assumptions are not completely
realistic, I must make some assumptions about the 0.5
TD errors because not much can be said otherwise 0.5 °‘° 0.5
about the variance of a return estimate. For example,

without assumptions, it is possible to contrive prob- Figure 3.1:  MRP in which Monte

lems in which 1-step TD learning actually has higher Carlo methods have lower variance
. ) . ) than TD methods. Rewards are zero.
variance than Monte Carlo estimation, as illustrated

by the following counterexample.

Counterexample 3.3. Consider a 2-state MRP with equiprobable transitions and zero re-
ward for all transitions (see Figure 3.1). Whenever V (s1) # V(sa) and v # 0, 1-step returns

have strictly higher variance than Monte Carlo returns.

In this specific counterexample, any amount of bootstrapping creates variance due to the
differing value estimates, in contrast with the Monte Carlo returns which are always zero
and therefore variance-free.

However, generally speaking, one would expect 1-step TD to have much lower variance

than Monte Carlo, because summing together more TD errors (i.e., random variables) would
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likely increase variance. This intuition motivates Assumptions 3.1 and 3.2, as I want a
variance model that captures this behavior while remaining tractable for analysis. I further
discuss the justification and historical context of these assumptions in Appendix A.1.

Now, I unify Assumptions 3.1 and 3.2 as

Covldias,dues | S = (1= p)Liyy + p)r. (3.3)

where 1,y is the indicator function. In the proposition below, I derive a variance model for
the n-step return by decomposing the return into a sum of discounted TD errors and then

adding up the pairwise covariances given by Eq. (3.3). For brevity, I define the function

F(n)— (1_7kn>/(1_7k)7 fOI"’}/<17
R n, fory=1,

to represent partial sums of a geometric series with common ratio 7*.
Proposition 3.4. Under Assumptions 3.1 and 3.2, the variance of an n-step return is
Var[G,E") | S = (1—p)Ly(n)k+ pTi(n)’

Proof. From Eq. (2.6), the n-step error can be expressed as a finite summation of TD errors:

n—1
=0

Using this and Eq. (3.1), I calculate the covariance of two n-step returns with lengths nq, no:

st]
ni—1ns—1

= Z Z 7i+jCOV[5t+i75t+j ‘ St]
i=0 ;=0

ni—1ng—1

= > AL = p)jizyy + p)5

ni—1 no—1

Cov[G{™, G{™) | ) = Cov | Y 7'0rin Y ¥0us;
=0 =0

i=0 7=0
mln(nl,ng) ni—1ngs—1
1 21 i+J
- v K+ p SElT
=0 7=0
min TL1,7L2 ny—1 no—1

(1—p nyz%ijZ Z’}/H
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= (1 — p) Iy(min(ny,n2)) & + pLi(ng) Ii(ng) K. (3.4)

Because Var[G( | Si] = Cov|G, m g | S, then by letting n = n; = ng, I obtain the

n-step variance formula and the proof is complete. 0

My n-step variance model linearly interpolates between an optimistic case where TD
errors are uncorrelated (p = 0) and a pessimistic case where TD errors are maximally cor-
related (p = 1). In the maximum-variance undiscounted scenario, I have I'j(n) = IL(n) = n,
so the model becomes (1 — p)nk + pn’k: i.e., it interpolates between linear and quadratic
functions. In Appendix A.2, I demonstrate that these bounds are consistent with empirical
data in real environments, even when my assumptions do not fully hold.

Eq. (3.3) enables me to go beyond n-step returns and calculate variances for arbitrary
compound returns. Recall from Section 2.3 that a compound return is a nonnegatively
weighted average of n-step returns:

[e.9]

G =Y Gy, (2.9)

n=1
where Y >° ¢, = 1 and at least two weights are nonzero. I compute the variance by again
decomposing the return into a sum of TD errors (see the next lemma) and then applying

Assumptions 3.1 and 3.2 to derive a compound variance model in the following proposition.

Lemma 3.5. Any compound error can be written as a weighted sum of TD errors:
Gy =V (S;) = Z Y hibuys, where h; = Z Cr -
i=0 n=i+1

Proof. See Appendix A.3.1. [

Proposition 3.6. Under Assumptions 3.1 and 3.2, the variance of a compound return is

Var[G¢ | S| = (1—p nymh%—l—pZnyZ“hhn

=0 7=0

Proof. From Lemma 3.5 and Eq. (3.1), the variance of the compound return is

[S S INe o]

Var [GC | St = ZZCOV’Y h; 5t+17/y h 6t+] | St]

=0 7=0
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[S SIENe o]

Z Z Y hihjCov[dsyi, s | Si

i=0 j=0

M
WE

I
o

Y hihi((1 = p)Li—yy + p)s

I
=)

=0 j

=(1-p) Zf’hff{ - pz Zv”jhihj/f,
i=0 i=0 j—=0

which establishes Prop. 3.6. 0

The eligibility weights, (h;):2,, specify the variance of a compound return. For instance,
the A-return assigns an eligibility of h; = ", (1 = A)A"! = X to TD error 044, which
matches TD(A) in Eq. (2.7). Substituting this weight into Prop. 3.6 and solving the geometric

series yields the modeled variance for the A-return:

VarlGy [ S = (1=p) D (W) k40D > () Tk

(1-pk PK
1= (A2 A=

As expected, the variance of the A-return is a monotonically increasing function of A, and is

unbounded when v\ = 1.

3.2 Variance-Reduction Property

Prop. 3.6 provides a method for calculating variance, but I would still like to show that
compound returns reduce variance relative to n-step returns. To do this, I first need a way
to relate two returns in terms of their expected performance. This is because low variance by
itself is not sufficient for fast learning; for example, the 1-step return has very low variance,
but learns slowly.

In the discounted setting, a good candidate for expected learning speed is the return’s
contraction modulus. The contraction modulus is the constant factor by which the maximum
value-function error between V' and v, is guaranteed to be reduced. When the contraction
modulus is less than 1, the return estimator exhibits an error-reduction property: i.e., the
maximum error decreases on average with every backup iteration of Eq. (2.1). This property

is commonly used in conjunction with the Banach fixed-point theorem to prove that V'
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eventually converges to v, (see, e.g., Bertsekas and Tsitsiklis, 1996, Sec. 4.3). The error-
reduction property of compound returns was first identified by Watkins (1989, Sec. 7.2) and
is expressed formally as

max |E [G | S; = 5] —V(s)) < fmax

seS SES

v(s) = V(s)], (3.5)

where =3 7, cxy*. The contraction modulus, 3, is a weighted average of each individual
n-step return’s contraction modulus, v". I can compare compound returns to n-step returns

that have equivalent error-reduction properties by solving the equation

V=5 (3.6)

for n. I call this value of n the effective n-step of the compound return, since the compound
return reduces the worst-case error as though it were an n-step return whose length is the
solution to the above equation (see Prop. 3.7 below). If the solution is not an integer,
then the error-reduction property falls between that of the two closest n-step returns. In
undiscounted settings, I cannot directly compare contraction moduli (because § = 1 for all

compound returns), but I can still solve the limit as v — 1 to define the effective n-step.

Proposition 3.7 (Effective n-step of compound return). Let G§ be any compound return

with contraction modulus 5 and let

1 ' 1
n:{oaﬁ, ifo<y<1, 37

Zzozlckk, Z'f’}/: 1.

When n is an integer, G¢ shares the same bound in Eq. (3.5) as the n-step return ng).

Proof. When 0 < v < 1, I can take the logarithm of both sides of Eq. (3.6) to get

log (220:1 Ckfyk)
log~y

n=log, 0=

For the undiscounted case, I would like to evaluate this expression at v = 1; however, since

0

> ey € = 1 from the definition of a compound return, I arrive at an indeterminate form, 3.

Instead, I can apply L’Hopital’s rule to evaluate the limit as v — 1:

o log (2, an®) b log (000 )
lim = lim i
y—1 log ~y =1 P log ~y
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where the last step follows again from the fact that > -, ¢, = 1. This establishes the case
where v = 1 and completes the proof. Il

With or without discounting, an n-step return and a compound return that satisfy
Eq. (3.7) have the same error-reduction property. I refer to the quantity > .-, ¢,k as the
center of mass (COM) of a return, since it is the first moment of the weight distribution over
n-step returns. Intuitively, this represents the average length into the future considered by
the return—the undiscounted analog of the log contraction modulus, log, 5.

With the previous definitions, I am now ready to formalize the variance-reduction property

of compound returns.

Theorem 3.8 (Variance-reduction property of compound returns). Let GE”) be any n-step
return and let G§ be any compound return with the same effective n-step: i.e., Eq. (3.7) is

satisfied. Under Assumptions 3.1 and 3.2, the inequality
Var[G¢ | S)] < Var[G\" | 5]
always holds, and it is strict whenever TD errors are not perfectly correlated (p < 1).

Proof. Eq. (3.4) gives an expression for the covariance between two n-step returns. I use

this to derive an alternative formula for the variance of a compound return:

Var|Gy | S| = ZZCOVCZ 66 \S]

=1 j=1
= Z ZCIC]COV[G( | St]
i=1 j=1
Cicj p) Ta(min(i, j))) + pTa(i) I (7)) s
=1 j=1
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)Y i Do(min(i, ) s+ p > Y e (i) Ti()) &

i=1 j=1 i=1 j=1
I analyze both sums separately, starting with the left term. If I assume v < 1 for now, then
A" =30 ¢yt by Eq. (3.7). Further note that min(é, j) < (i 4+ j) / 2, with the inequality

strict if ¢ # j. Because I is monotonically increasing, it follows that

ZZQCJB min (4, 7)) ZZQCJB(Z—'—j)

i=1 j=1 7,1] 1
1_
=Y > (1)
=1 j=1
_ 1-327% Z;;CiCjVH]
1—72
_1_,)/271
= 1_72

The inequality is strict because at least two weights in ¢ are nonzero by definition of a
compound return, guaranteeing at least one element in the sum has i # j. If instead
v =1, then n =73 .2, ¢;i by Eq. (3.7) and I'y(min(¢,j)) = min(¢, j). Therefore, by Jensen’s

inequality, I have

0o 00
E E CiCj Fg mln Z j E E CiCj rnm 7 ]
7=1

=1 =1 j=1
00 00
< min <Z Cii, Z ij)
i=1 j=1
= min (n,n)

Again, the inequality is strict by definition of a compound return, so I conclude that
chicj [y(min (4,7)) < Iy(n), for0<~y<1.
i=1 j=1

I now address the right term from before. I show that I is invariant under a weighted

average under my assumption that Eq. (3.7) holds. If v < 1, then

San@=Ya(77) =T e enw. ey

i=1 i=1 1=y 1=y l—x
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If v =1, then
Zci Fl(l) = ZCzZ =N = Fl(n) .
=1 =1

Thus, regardless of 7, the right term becomes
Z Z CiCj F1<Z> Fl(j) = Fl(n)2 .

=1 j=1

Putting everything together, I have shown that
Var(Ge | S < (1 - p) Ta(n) 5+ pTy(n)? &,

where the right-hand side is the n-step variance given by Prop. 3.4. As I showed above, this

inequality is strict whenever the first term is active (i.e., p < 1), completing the proof. [

Theorem 3.8 shows that whenever a compound return has the same contraction modulus
(v < 1) or COM (y = 1) as an n-step return, it has lower variance under Assumptions 3.1
and 3.2, as long as the TD errors are not perfectly correlated. Perfect correlation between all
TD errors would not occur except in contrived, maximum-variance MDPs; thus, compound
returns reduce variance in most cases. Crucially, variance reduction is achieved for any type
of weighted average—although the magnitude of reduction does depend on the specific choice
of weights. The exact amount, in terms of k, can be calculated by subtracting the compound
variance from the n-step variance for a given contraction modulus or COM. As an example,

I bound the variance reduction of a A-return in the following corollary.

Corollary 3.9 (Variance reduction of A-return). Under Assumptions 3.1 and 3.2, for all
v € [0, 1], the magnitude of variance reduction for a A-return is bounded such that

A
T eh

Proof. See Appendix A.3.2. [

0 < Var[G{" | 8] — Var[G} | S,] < (1 - p)

The magnitude of variance reduction increases monotonically as A — 1, showing that
the potential for variance reduction improves as the effective n-step of the return increases.
Interestingly, this is reflected in my later random-walk experiments in Section 3.4 (observe
the performance gaps in Figure 3.3 when o ~ 1). Future work can derive the weights that
maximize the variance reduction in Theorem 3.8, but this will likely require more advanced

techniques such as the calculus of variations (see Section 7.2.1).
34



3.3 Finite-Time Analysis

It might not be obvious that reducing variance leads to faster learning; indeed, in other
settings such as direct policy optimization, this is not always the case (see Chung et al.,
2021). I conduct a finite-time analysis of compound TD learning to prove that lower variance
does lead to faster learning in this setting. I consider linear function approximation (recall
Section 2.4), with tabular methods recoverable by using one-hot features. My theorem below

generalizes recent analysis of 1-step TD learning (Bhandari et al., 2018, Theorem 2).

Theorem 3.10 (Finite-Time Analysis). Suppose TD learning with linear function approxi-
mation is applied under an i.i.d. state model (see Assumption A.1 in Appendiz A.3.3) using
compound return G¢ as its target. Let 3 be the return’s contraction modulus and let 0® > 0
be the return’s variance. Assume that the features are normalized such that || X (s)||5 < 1,
VseS. Define C=(|r|| .+ 1+ w*)/ (L —7), where w* is the minimizer of the
projected Bellman error for G¢. For any T > (4/(1—8))? and a constant step size o = 1/V/T,
lw* — wlf3 +2(1 - )*C? 4 20

(1-BWVT ’

E[[[vwr — vayllp] <

_ -1
where wy ==+ >, " w,.

Proof. See Appendix A.3.3. O

With a constant step size, compound TD learning (and hence n-step TD learning as a
special case) reduces the value-function error at the same asymptotic rate of O(1/v/T) for
any return estimator. However, both the contraction modulus 3 and the return variance o
greatly influence the magnitude of the constant that multiplies this rate. Given an n-step
return and a compound return with the same contraction modulus, the compound return
has lower variance by Theorem 3.8; if this bound is tight, then the compound return should
therefore converge faster to its respective TD fixed point. Although the two returns’ fixed
points may generally be different, I show that the bound on their solution quality is the

same, by generalizing Lemma 6 of Tsitsiklis and Van Roy (1997) for an arbitrary return.

Proposition 3.11 (TD Solution Quality). Let w* be the minimizer of the projected Bellman

error under linear function approximation for any n-step or compound return with contraction
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modulus 5. The following bound always holds:

1
[ Xw" = vl p < == |[Tlvr — x| -

1-p5
Proof. See Appendix A.3.4. O

This shows that the fixed-point error for an arbitrary return is always within 1 / (1 — )
times the optimal error. Since [ is equalized for the two returns in Theorem 3.10, the quality
bound of these two fixed points is the same, but the compound return has lower variance

and may reach its fixed point faster.

3.4 Comparing A\-Returns and n-step Returns

Although the A-return is often motivated by its efficient implementation using TD(\) and
eligibility traces, my theory indicates that A-returns can also promote faster learning via
variance reduction. I provide empirical support for this by demonstrating faster learning in
the random-walk experiment from Sutton and Barto (2018, Sec. 12.1). In this environment,
the agent begins in the center of a linear chain of 19 connected states and can move either
left or right (see Figure 3.2). The agent receives a reward only if it reaches one of the far
ends of the chain (—1 for the left, +1 for the right), in which case the episode terminates.
The agent’s policy randomly moves in either direction with equal probability. I train the
agents for 10 episodes, updating the value functions after each episode with offline backups
like Eq. (2.1). To pair the n-step returns and A-returns together, I derive the effective A for

an n-step return in the following proposition.

Proposition 3.12 (Effective A of n-step return). For anyn > 1 andy < 1, the A-return with

1 — n—1
N i
1 —An
has the same contraction modulus as the n-step return. For any n > 1 and v = 1, the

A-return with

/\:n—l

n

[ [ OO« D>O<«>D«>D>Oe>OD«>OerDerQerQerDerOerO«rDer@<r>O— ]
-1 start +1

Figure 3.2: The 19-state random walk (Sutton and Barto, 2018, Sec. 12.1).
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Table 3.1: Common n-step returns and A-returns with equal COMs.

n| 2 3 4 5 10 20 50 100
A[05 067 075 08 09 095 098 0.99

has the same COM as the n-step return.
Proof. See Appendix A.3.5. O

Because this is an undiscounted task, I use the relationship A = (n — 1) / n to generate
several (n, \)-pairs with equal COMs in Table 3.1.14 For my experiment, I choose four
commonly used n-step values, {2,3, 5,10}, which correspond to A € {0.5,0.67,0.8,0.9}. In
Figure 3.3, I plot the average root mean square (RMS) value error (with respect to v, ) as a
function of the step size o over 100 trials.'® I also indicate 95% confidence intervals by the
shaded regions.!¢

For all of the tested (n,A)-pairs, an interesting trend emerges. In the left half of each
plot, variance is not an issue because the step size is small and has plenty of time to average
out the randomness in the estimates. Learning therefore progresses at a nearly identical rate
for both the n-step return and the A-return since they have the same COM (although there
is a small discrepancy due to the truncation of the episodic task). However, as & — 1 in the
right half of each plot, variance becomes a significant factor as the step size becomes too large
to mitigate the noise in the updates. This causes the n-step return’s error to diverge sharply
compared to the A-return’s, as the A-return manages variance more effectively. The lowest
error attained by each A-return is also better than that of its corresponding n-step return in
all cases. Notably, neither of my variance assumptions hold perfectly in this environment,
demonstrating that my variance model’s predictions are useful in practical settings.

I also compare A-returns and n-step returns in a much more challenging deep RL setting;:
learning simulated robotic locomotion with Proximal Policy Optimization (PPO; Schulman

et al., 2017). PPO is a popular actor-critic method which already uses A-returns, also known

14 Another way to write this relationship is n = 1 / (1 — \), which makes it clear how the effective n-step
is determined by .

15T use trial to refer to a single, independent run of an experiment. This should not be confused with an
episode, which is defined by the task’s termination conditions. A trial typically consists of many episodes.

16 A1l 95% confidence intervals in this thesis are approximated by 1.966 / /m, where & is the sample
standard deviation and m is the number of trials.
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{ Lower is better

0.0 0.2 0.4 0.6 0.8 1.0
a

Figure 3.3: Comparing n-step returns and A-returns, paired by COM, in a random walk.
The results are averaged over 100 trials with 95% confidence intervals shaded. The dashed
lines indicate the lowest errors attained.

as Generalized Advantage Estimation (GAE; Schulman et al., 2015b) in this context. This
makes it easy to compare A-returns with their equivalent n-step returns.

PPO trains a stochastic policy mg, parameterized by a neural network, by iteratively opti-
mizing a clipped policy gradient objective over a sampled trajectory of on-policy experience.

Let 0,4 be the parameters of the policy used to collect the trajectory; the importance-

7o (A¢|St)
7,14 (At|St)

mizes the following objective using minibatched stochastic gradient ascent:

sampling ratio is p;(0) = Letting clip(z, a,b) == min(max(z,a),b), PPO opti-

J(0) =E

Y

min(pt(e) Advy, clip(p(0), 1—€, 1+ 6))

where Adv; = G, — V' (S;) is the advantage estimate and € € (0, 1) is a trust-region hyperpa-
rameter. Because PPO is trained on relatively short trajectories of recent experiences, it is
feasible to compute exact A-returns for every experience, and so G, = G? typically. (This is
unlike the large-buffer regime of DQN and related algorithms that I discuss in Chapter 5.)
However, I can also substitute any n-step return, ng) , for the purposes of this experiment.

The critic, V(s), is trained by minimizing a squared-error loss, similar to the DQN loss

in Eq. (2.10) but for a state-value function:
1/ 2
£(6) = E& (Gt - V(St)> } .

Note that, for ease of presentation, I let @ denote the parameters for both the policy and
value function here, but they are typically implemented as separate networks.
I train the PPO agents in three MuJoCo environments (Todorov et al., 2012): Half Chee-

tah, Hopper, and Walker 2D. I use the CleanRL implementation (Huang et al., 2022) with
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its default hyperparameters, which are similar to those of Schulman et al. (2017). The ar-

chitectures for the actor and critic are 2-layer, 64-unit dense networks with tanh activations.
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Learning curves for PPO with n-step returns and A-returns in three MuJoCo

environments. The results are averaged over 100 trials with 95% confidence intervals shaded.

I compare different returns with the values (n,\) € (5,0.804),(10,0.905), (20, 0.955).

I choose these pairs because the respective A-returns and n-step returns have the same

contraction moduli when v = 0.99. I specifically include n = 20 because A = 0.95 is a

common default value for PPO. I plot the learning curves in Figure 3.4. The results are
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averaged over 100 trials, with shading to indicate 95% confidence intervals. In seven out of
nine of the cases, A\-returns significantly improve sample efficiency over n-step returns with
respect to the 100-episode moving average of undiscounted return, again demonstrating the

benefits of compound returns.

3.5 Piecewise \-Returns

Although the previous experiment shows that A-returns can achieve faster learning, they are
expensive for large-buffer deep RL algorithms (see Chapter 5). This is because the A-return
at time ¢ theoretically bootstraps on every time step afterwards (until the end of an episode),
with each bootstrap requiring a forward pass through the neural network.

For now, I instead seek a compound return that approximates the variance-reduction
property of the A-return while being computationally efficient for minibatch replay. There
are many ways [ could average n-step returns together, and so I constrain my search by
considering compound returns that 1) comprise an average of only two n-step returns to
minimize cost; 2) preserve the contraction modulus or COM of the A-return; and 3) place
weights on the TD errors that are close to those assigned by the A-return.

The first property constrains my estimator to have the two-bootstrap form of Eq. (3.2).
Let n be the targeted effective n-step; the effective A can be obtained from Prop. 3.12. Let me
also assume vy < 1, although I include the case where v = 1 in Appendix A.4. To preserve the
contraction modulus (the second property), I must satisfy (1 —¢)y™ +¢y" = 4", Assuming
there is freedom in the choice of ny and ny, it follows that ¢ = (7™ — ™) / (72 — ™).

I would thus like to find n; and ns such that the weights given to the TD errors optimize
some notion of closeness to the TD(\) weights, in order to fulfill the third and final property.
Although there are many ways I could define the error, I propose to minimize the maximum
absolute difference between the weights, since this ensures that no individual weight deviates
too far from the TD(A) weight. Recall that the cumulative weight given to TD error d;y;
by n-step return ng) is hy = 1it ¢ < n, and is h; = 0 otherwise. It follows that the
two-bootstrap average assigns a weight of h; = 1 if i < nq; a weight of h; = cif ny <7 < no
because (1 —¢)-0+c-1=¢; and a weight of h; = 0 otherwise. I then minimize the error

max;>o [7'h; — (YA)'].
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I call my approximation Piecewise

10 7 t.‘
A-return (Pilar) because each weight h; Ve + A-return
. : . . e =~ PiLaR
is a piecewise function whose value de- 0.8 ¢
pends on where i lies in relation to the -CC»
interval [ny,ng). Figure 3.5 illustrates 0;" 061
how Pilar roughly approximates the § e, ..
(- i Y
TD(A) decay using a step-like shape. N 0.4 LN
@) R
Although Pilar’'s TD-error weights do = "
02 T --‘L
not form a smooth curve, they retain
important properties like contraction 0.04 . ..,..‘:::::;21:::::::;::““....,
0 10 20 30 40 50

modulus, monotonicity, and variance , ) o
Time since state visitation
reduction. Crucially, Pilar is much

cheaper to compute than the A-return, Figure 3.5: TD-error weights for a A-return and
Pilar (A = 0.904). Both returns have the same con-

making it more suitable for minibatch
& traction modulus as a 10-step return when v = 0.99.

experience replay. In Appendix A4,
I describe a basic search algorithm for finding the lowest-error (ny,ng)-pair, along with a
reference table of precomputed Pilars for v = 0.99.

To evaluate Pilars in a challenging, high-

dimensional learning environment, I compare them Tup1e 39 Pilars used for MinAtar.

against n-step returns using the DQN algorithm n-step ‘ n ny C

(recall Section 2.5) in the five MinAtar games 311 6 0406
(Young and Tian, 2019): Asterix, Breakout, Freeway, 512 9 0437

Seaquest, and Space Invaders. The game states are
10 x 10 multi-channel binary images depicting object locations and velocity trails. A neural
network processes these images to generate a vector of values corresponding to each action.
The network’s first layer is a 16-filter 3 x 3 convolutional layer, the output of which is flat-
tened and then followed by a dense layer with 128 units. Both layers use rectified linear unit
(ReLU) activations.

The agents are trained for 5 million time steps each. They execute a random policy for
the first 5,000 time steps to prepopulate the replay buffer (capacity: 100,000 transitions), and

then switch to an e-greedy policy for the remainder of training, with € annealed linearly from 1
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to 0.1 over the next 100,000 steps. Every step, the main network is updated using a minibatch
of 32 return estimates to minimize the loss in Eq. (2.10). The target network’s parameters
are copied from the main network every 1,000 time steps. My experiment procedure closely
matches that of Young and Tian (2019); the only differences are the squared loss instead of
Huber loss, the Adam optimizer (Kingma and Ba, 2015), and the use of multistep returns.

To obtain the n-step returns, the replay buffer is modified to return a minibatch of se-
quences of n + 1 experiences for each return estimate (instead of the usual two experiences
for DQN). The return is computed by summing the first n rewards and then adding the
value-function bootstrap from the final experience, with discounting if v < 1. If the episode
terminates at any point within this trajectory, then the return is truncated and no boot-
strapping is necessary, since the value of a terminal state is defined to be zero. For Pilars,
the idea is the same, but the trajectories must have length n,+1 to accommodate the lengths
of both n-step returns. The two n-step returns are computed as above, and then combined
by averaging them: (1 — ¢) G™) + cG"2),

For n = 3 and n = 5, I compare the n-step return against the corresponding Pilar of the
same contraction modulus with the given discount factor, v = 0.99 (see Table 3.2 for specific
values of ny, ng, and ¢). I choose five Adam step sizes over a logarithmic grid search and
generate learning curves by plotting the 100-episode moving average of undiscounted return
(game score) versus time steps. I then choose the step size for each game-estimator pair that
maximizes the area under the curve over the last 1 million steps, or 20% of training. I plot
the learning curves for each game in Figure 3.6. Out of the five games, Seaquest is the only
one in which Pilar does not outperform n-step returns in a statistically significant way. The
results are averaged over 32 trials, with shading to indicate 95% confidence intervals.

In several cases, Pilars are able to significantly improve the agent’s best performance
compared to n-step returns. This is in spite of the fact that each pair of n-step return
and Pilar has the same contraction modulus, suggesting that the performance increase is
partially due to variance reduction. Overall, Pilars outperform n-step returns for 1 in 5
games (20%) when n = 3, and 3 in 5 games (60%) when n = 5. In the remaining cases, the
performance is not significantly different. Thus, Pilars improve overall performance across
these games. Because the average performance gap between the estimators also widens as

n increases, Pilar’s benefits appears to become more pronounced for longer—and, hence,
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Figure 3.6: Learning curves for DQN with n-step returns and Pilars in five MinAtar games.
The results are averaged over 32 trials with 95% confidence intervals shaded.

higher-variance—n-step returns.

These results corroborate my theory by showing that averaging n-step returns can ac-
celerate learning, even with a nontrivial network architecture. I do not claim that Pilars
are necessarily the best average for achieving variance reduction, but my experiments still

demonstrate the practical utility of compound returns.

3.6 Discussion

I have shown that compound returns, including A-returns, have a variance-reduction prop-
erty. This is the first evidence, to my knowledge, that A-returns have a theoretical learning

advantage over n-step returns in the absence of function approximation; it was previously
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believed that both were different yet equivalent ways of interpolating between TD and Monte
Carlo learning. My random-walk experiments confirm that an appropriately chosen A-return
performs better than a given n-step return across a range of step sizes. In replay-based deep
RL methods like DQN, where A-returns are difficult to implement efficiently, I demonstrated
with Pilar that a simpler average is still able to train neural networks with fewer samples.
Since the average is formed from only two n-step returns, the additional computational cost
is negligible—less expensive than adding a second target network, as is often done in recent
methods (e.g., Fujimoto et al., 2018; Haarnoja et al., 2018).

Although I am able to establish strong theoretical guarantees regarding the convergence
rate of multistep TD learning with linear function approximation, I note that this result does
not automatically extend to nonlinear approximators. This is not a limitation of my analysis,
but rather of the class of TD algorithms commonly used in deep RL. Indeed, even 1-step
TD does not converge with certain nonlinear function approximators (see, e.g., Tsitsiklis and
Van Roy, 1997, Sec. 10). Although my experiments have shown that compound returns often
do improve performance for DQN and PPO, it is not guaranteed that these results will gener-
alize to other methods. Additionally, I did not show that the improved performance for these
algorithms is due solely to variance reduction; it is possible that other favorable properties of
the compound returns also contribute to this improvement, such as convergence to a different
fixed point (despite the bound that I proved in Prop. 3.11) or the tapering credit-assignment
characteristic of certain compound returns (see Chapter 4). The added complexities of non-
convex optimization likely explain why the performance trends for DQN and PPO are not
always as clear as my random-walk results. Nevertheless, I note that the variance-reduction
property is a general phenomenon, since Assumptions 3.1 and 3.2 are agnostic to the choice
of function approximator. This, coupled with my empirical results, indicates potential for

using compound returns in other deep RL methods to improve sample efficiency.
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Chapter 4

Demystifying the Recency Heuristic

The A-return, targeted by TD(A) and Q(\), remains one of the most effective compound
returns to date. Variations of these algorithms continue to be popular for credit assignment
due to their strong empirical performance (e.g., Schulman et al., 2015b; Harb and Precup,
2016; Harutyunyan et al., 2016; Munos et al., 2016; van Seijen, 2016; Mahmood et al., 2017;
Mousavi et al., 2017; Kozuno et al., 2021; Gupta et al., 2024; Tang et al., 2024). Beyond
the convenient update rules of A-returns and eligibility traces, there seems to be something
particularly efficacious about smoothly fading credit assignment.

The conventional motivation behind the exponential decay of TD(A) is that it implements
the recency heuristic. Under the recency heuristic, an agent “assigns credit for current
reinforcement to past actions according to how recently they were made” (Sutton, 1984,
p. 94). The intuition is that rewards occurring sooner after an action should be reinforced
more heavily, as there is presumably a stronger cause-and-effect relationship.

What makes this intuition less clear is that the recency heuristic cannot be achieved
without impacting other aspects of credit assignment. Giving more weight to recent experi-
ences means that later experiences receive comparatively less weight, potentially impacting
multistep learning. The bias-variance trade-off is also affected as a result. How exactly,
then, does the recency heuristic aid learning in terms of these properties?

In this chapter, I investigate the ramifications of adopting the recency heuristic in TD
learning. I show that—contrary to conventional wisdom—all n-step and compound returns
implement a (weak) recency heuristic: their TD-error weights are non-increasing. Violating
this property with nonmonotonic weights causes divergence in simple learning problems.

When TD-error weights are strictly decreasing and nonzero, as they are for TD(A), then
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credit assignment becomes smooth and asymptotically approaches zero as time elapses. |
show that this smoothness is not what is beneficial on its own, but it does imply that
the effective credit-assignment window extends further into the future without exacerbating
worst-case variance. The cumulative effect is faster empirical learning. These findings help

clarify the role of the recency heuristic and the enduring effectiveness of TD(\).

4.1 Formalizing the Recency Heuristic

In this section, I precisely define the notion of the recency heuristic. I consider a general
estimator for TD learning of the form

o0

Gy =V () + Z V' hideri (4.1)

i=0
where (h;)$%, is a sequence of real numbers. Although this may appear to be restrictive, I
show in Section 4.3 that it can represent every valid return target (i.e., facilitates conver-
gence to v,;) that comprises a linear combination of future rewards and state values—thus
implementable by forward-view TD prediction.

Eq. (4.1) can be thought of as an abstract form of TD(\): one with an arbitrary stimulus-
response model rather than the familiar exponential decay. At time ¢, the agent experiences
an external stimulus modulated by the current environment state, S;. Positive or negative
reinforcement subsequently arrives in the form of TD errors ¢, ds11, 0449, . ... Each weight,
h;, determines the agent’s receptiveness, or eligibility, to learn from the TD error that occurs
exactly i steps after the initial stimulus. In this view, a return estimate, ét, is uniquely
determined by the impulse response of a linear time-invariant system encoded by (h;)$2,. One
possible interpretation of the recency heuristic, then, is a constraint on the impulse response

such that it never increases after the initial stimulus. This gives the following definition.

Definition 4.1 (Weak Recency Heuristic). A return estimate satisfies the weak recency

heuristic if and only if it has the form of Eq. (4.1), and h; > h;y1 > 0 holds for all i > 0.

I show in Section 4.3 that this definition is closely related to the question of whether (and
how fast) TD learning using this estimator converges in expectation, but it is slightly weaker
than what is typically thought of as the recency heuristic. For instance, Sutton (1984, p. 94)

is explicit that “Credit assigned should be a monotonically decreasing function of the time
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Figure 4.1: Eligibility curve illustrations for (a) A-return, (b) n-step return, (c) inverted-U
assignment inspired by Klopf (1972), and (d) time-delayed A-return. The horizontal axis
represents elapsed time since the stimulus. Neither (c) nor (d) satisfies the recency heuristic.

between action and reinforcement, approaching zero as this time approaches infinity.” The
credit-assignment function in Definition 4.1 is merely nonincreasing, and so I refer to it as
the weak recency heuristic. Alternatively, I refer to the monotonically decreasing case as the

strong recency heuristic, defined below.

Definition 4.2 (Strong Recency Heuristic). A return estimate satisfies the strong recency

heuristic if and only if it has the form of Eq. (4.1), and h; > h;y1 > 0 holds for all i > 0.

Notice that Definition 4.2 implies Definition 4.1. I make the distinction between these def-
initions more concrete with a few examples, which are graphed in Figure 4.1. The A-return,
used by TD()), is the canonical example of the strong recency heuristic; its eligibility weights
in Eq. (2.7) are strictly decreasing with any A € (0,1). In contrast, the n-step return re-
mains equally receptive to the first n TD errors, and then abruptly stops responding to the
ones afterwards. However, these two updates are alike in that the weights never increase at
any point: they both satisfy the weak recency heuristic. One could also imagine arbitrary
weights in Eq. (4.1) that do not satisfy either definition of recency heuristic. For example,
the inverted-U shape described by Klopf (1972) takes time to reach its peak value before
falling back to zero, and thus violates Definitions 4.1 and 4.2. Similarly, I can take the stan-
dard spike-and-decay model of a A\-return and introduce a delay between the initial stimulus
and the response. Both of these could exploit some known structure regarding the agent’s
environment, and may be more biologically plausible, but their mathematical implications
are not yet known. Notably, there are many more possibilities in Eq. (4.1), most of which

have not yet been explored.
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4.2 What Happens When the Recency Heuristic
Is Violated?

I conduct an experiment to demonstrate that on-policy TD learning with a tabular value
function can diverge when the recency heuristic is violated. This is surprising, since one view
of the TD-error weights, (h;)2,, is that they encode a belief over the time when rewards
will arrive following a stimulus. Ideally, these weights could represent any shape for the
credit-assignment function and the agent would still learn the correct value function, yet
this does not appear to be the case.

I test perhaps the simplest possible example of non-recent credit assignment: an update
based on a single, future TD error. More specifically, I generalize TD(0) by introducing a
delay of 7 > 0:

V(St) < V(St) + ey s r - (4.2)

The impulse response for this method is generally given by h; = 1. That is, the eligibility
curve is a square pulse initiated exactly 7 steps after the initial stimulus (see Figure 4.2,
center). The operator corresponding to this update is H: v — v + (yE,P)™(T,v — v). The
fixed point of this operator is v, for any value of 7 because T, v, — v, = 0.

Notice that this is a rather benign form of non-recent credit assignment; I have taken the
simplest TD method and merely translated its impulse response along the time axis. More
complex forms of non-recent credit assignment would consist of a superposition of multiple
such updates, and so this example provides insight into other methods. Nevertheless, despite
the simplicity of this method, I present a simple MRP that causes almost every value-function

initialization to diverge away from v,.

Counterexample 4.3. Consider a 2-state MRP with reward r(s,s’) =0,V s,8 € {s1,s2}.
Let p € [0,1] be the self-transition probability (see Figure 4.2, left) and let Vi be the initial
value function. If T =1, v = 0.9, and p = 0.4, then the TD update in Eq. (4.2) diverges
whenever Vy(s1) # Vo(s2).

I give specific values of 7, v, and p for the sake of the counterexample; however, it
appears that divergence is inevitable for any 7 > 0 as v — 1 and p — 0. The divergent

behavior of the method is visualized in Figure 4.2 (right), where the arrows represent unit
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(Left) MRP for Counterexample 4.3. (Center) Credit-assignment function for
delayed TD(0). (Right) Expected update directions of Eq. (4.2) for 7 =1, =10.9, p = 0.4.

vectors pointing in the direction the expected update (i.e., Hv — v). Because the reward
is zero for all transitions, v, is the origin (red star) regardless of v and p. However, every
value-function initialization not on the blue line where v(s;) = v(sy) progresses arbitrarily

far away from the fixed point, v,.

Why does violating the recency heuristic in this easy problem cause divergence? The

reason becomes more clear when observing that 770, = G — GI”). Thus, an equivalent

operator for Eq. (4.2) is v — v + T7 v — T7v, whose worst-case contraction modulus is
1+~7 "1 4~7 by the triangle inequality—greater than 1. Although this does not automatically
mean the operator will diverge, it does suggest that divergence is possible, and here is one
instance of it. It is important to note that this divergence is not due to sampling noise nor an
uneven state distribution, as I am explicitly computing the expected result of the operator
in both states. Furthermore, the phenomenon is not unique to this particular algorithm or

problem, but generally arises whenever the weak recency heuristic is violated by too much.

I prove this formally in the next section.

4.3 Only Convex Returns Satisfy the
Weak Recency Heuristic

I introduce the notion of a conver return: a convex combination of n-step returns.

Its
formula is identical to that of a compound return, i.e.,
[o.¢]
G =Y Gy, (2.9)
n=1
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but it relaxes the restriction that at least two weights must be nonzero. Thus, a convex
return is either a compound return or an n-step return. In this section, I show that this
definition is logically equivalent to the weak recency heuristic; Definition 4.1 is satisfied if
and only if a return estimate is convex (see Prop. 4.6).

To illuminate the role of the weak recency heuristic, I first justify the general return
estimator in Eq. (4.1). In particular, T show that estimates of this form correspond to the
largest set of linear operators suitable for TD prediction. This allows me to later analyze how
the properties of these operators are affected by the choice of the weights, (h;)$,, especially
when these weights do not satisfy the recency heuristic.

To produce a TD method in the form of Eq. (2.1) that converges to v, under general
conditions, the return estimate G, must correspond to a maximum-norm contraction map-
ping, H, with its unique fixed point at v,. In addition to these requirements, I want a
sample-realizable operator in order to create an implementable TD method: one that can
be constructed from any rewards or state values following time ¢. To match existing TD
methods for prediction, I assume that this operator is linear with respect to these quantities,

giving the following definition.

Definition 4.4. A sample-realizable linear operator has the form

oo

Hv =Y (YE.P)'(hE.r + zv),

i=0
where (h;)2, and (z;)52, are bounded sequences of real numbers.
This definition covers all possible operators based on return estimates constructible from
a linear combination of sampled experiences: i.e.,
oo
Gt = Z ’}/lhiRt+1+i + fyzxiV(SHi) . (43)
i=0
However, the vast majority of these operators will not meet the necessary convergence cri-
teria. In the following proposition, I reduce the space of operators by identifying only those

whose fixed point is exactly v;.

Proposition 4.5. For every sample-realizable operator H whose fized point is v,, there exists
a sequence of real numbers (h;)32, such that
Hv=v+Y (YE.P)'h(Tv —v). (4.4)

=0
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Letting ¢, == hy_1 — hy, forn > 1, then H also has the equivalent form

Hv = (1—icn>v+icnﬂ?v. (4.5)
n=1 n=1

Proof. 1t is given that H is sample realizable. Eq. (4.3) provides a sample estimate of H,
which I rewrite in terms of TD errors. First note that Ryy11; = 015+ V (Sepi) =7V (Stv144),

and therefore
hiRiy1vi + i V(Siqi) = hibryi + (hi + 23) V(Siri) — vhi V(Sty144) -

Hence, Eq. (4.3) is equal to

V(Sy) + (i Vihz‘5t+i) + (ho — 1+ 20) V(Sy) + <i(hz — hi—1 + ;) V(St+z')> .

Note that, since the leading term is V'(S;), then the fixed point of this estimate is equal to
v, whenever the remaining three terms are equal to zero in expectation. The first sum is
zero in expectation because v, implies that E;[6;4; | S;] = 0 for all ¢ > 0. The last two terms
are zero only when xyg = 1 — hg and z; = h;_1 — h; for all ¢« > 1. In other words, (z;)2,
must be the unique first-order difference sequence of (h;)°, (with h_; = 1); no other choice
of weights would make v, a fixed point, since at least one of the remaining terms would
not vanish. I substitute this choice of weights into the previous expression, which yields the

same general TD estimate introduced in Section 4.1:
Gy =V(S)+ > V'hibpsi. (4.1)

i=0

Thus, Eq. (4.1) and Eq. (4.3) are equivalent if and only if V' is v;. The operator corresponding
to this sample estimate is exactly Eq. (4.4), which establishes the first part of the theorem.
To derive Eq. (4.5), T apply the fact that h; = >~ 41 Cn due to the telescoping series that
results from the definition of ¢, = h,,_1 — h,. I complete the proof by rewriting Eq. (4.4) as

Hv=wv+ Z < Z cn> (YE.P)(T,v — v)

=0 n=i+1
] n—1

=v+ Z Cn Z(VEWP)i(TWv —v)
n=1 =0

:'v+icn(T:'v—v)

n=1
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— (1—icn> v—|—ich:’v.
n=1 n=1

The second equality interchanged the sums using the rule - " ... =>">, S The
third equality followed from the n-step Bellman operator expansion:

Trv = v+ 31 (YE-P){(Trv — v). O

The operator in Eq. (4.4) corresponds exactly to the sample estimate in Eq. (4.1) that I
considered in Section 4.1 when defining the weak recency heuristic. I refer to these as linear
returns. Hence, every linear return with v, as its fixed point is expressible as a weighted
sum of either TD errors or n-step returns, without loss of generality.!”

I now have a generic operator that is both sample realizable and has the correct fixed
point, but it is not necessarily a contraction mapping without any conditions on (h;), .
Eq. (4.5) expresses the operator in terms of the n-step Bellman operators, facilitating
the analysis of its contraction properties. Because E,P is a stochastic matrix, I have
|E.P||. =1, which also implies that || T"v — T"v'|| . < 7"||v — v'||, for any v, v’ € RIS/,

Thus, by the triangle inequality,

|[Hv — Ho'l|, < (

EDDAES ol I (16)
n=1 n=1

and the contraction modulus is therefore 8 = |1 — > ¢,| + > 7, |ca|7™. The operator is

a contraction mapping if and only if g < 1.

0
n=1

Eq. (4.5) consists of two terms: the original value function scaled by 1 — > >  ¢,, and
a linear combination of n-step returns. The first term can be eliminated without loss of
generality by normalizing the sum of weights, i.e., by adding the constraint that Y >° ¢, = 1.
This is because the first term changes only the magnitude of the update, which can be
absorbed into the step size, a4, in the value backup of Eq. (2.1). With this constraint in
place, it follows that the weight of the first TD error is hy = 1 because of the telescoping series:
hy = 22021 hp_1 — h,, = 220:1 ¢, = 1. The operator is now an affine combination of n-step

Bellman operators, and so I refer to such return estimates as affine returns. Note that, since

[ have hy = 0 in Eq. (4.2) when 7 > 0, the divergent return estimate in Counterexample 4.3

17This is perfectly analogous to Lemma 3.5 regarding the decomposition of compound returns into weighted
TD errors, which also sets h; = > 7. 41 ¢n- This is because linear returns strictly generalize compound
returns. However, here I have derived it from first principles, without assuming any relation to n-step returns.
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Table 4.1: Summary of operators and sample estimates for the returns in Figure 4.3.

Name Operator Sample Estimate Conditions

Linear

VS

1-3 cn)'u + > e, Trv (1—2 cn)V(St) + 2_:1 an,E”) None

n=1 n=1 n=1

Affine > e T > an,En) Yep=1land Y |epy" <1
n=1 n=1 n=1 n=1

Convex > enThv 3 anE”) Affineand ¢, >0,V n>1
n=1 n=1

Compound Y ¢, T v > anE") Convex and 3 ¢;,¢; > 0
n=1 n=1

n-step Ty GE") n>1

is not an affine return—although it is linear. Affine returns look identical to convex returns
from Eq. (2.9), but they are more general because they allow for negatively weighted n-step
returns. I depict the hierarchical relationship between linear, affine, convex, compound,
and n-step returns in Figure 4.3, and summarize their operators and corresponding sample

estimates in Table 4.1.

This analysis provides a hint of why s

Linear

counterexamples like the one in Section 4.2 Affine

. . . . Convex
are possible; negative weights increase the

Compound n-step

contraction modulus due to the absolute

value in Eq. (4.6). It turns out that such \_ )

negative weights coincide exactly with the

time steps on which the weak recency heuris- Figure 4.3: Hierarchical relationship between

tic is violated, and therefore only convex re- different return estimators. A return satisfies
the weak recency heuristic if and only if it is

turns satisfy the heuristic, as I show in the a convex return: i.e., a compound return or

next proposition. n-step return.

Proposition 4.6. An affine return satisfies the weak recency heuristic if and only if it is a

convez return (i.e., a compound return or an n-step return).

Proof. Recall that ¢, = h,,_1 — h,,. Therefore, the affine operator from Eq. (4.5) is equal to

[e.9]

Hv = (hnoy — hy) Tov. (4.7)
n=1
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If the weak recency heuristic (Definition 4.1) holds, then h, 4 > h, = h,_1 —h, >0,
for all n > 1. Thus, Eq. (4.7) is a convex combination of n-step returns, because I have
> hpo1 = hy =37 ¢, =1 for an affine return.

To complete the proof, I also show the contrapositive. Consider an affine return that
is not a convex combination of n-step returns. Consequently, it must have at least one
negatively weighted n-step return: there exists some k£ > 1 such that ¢, < 0. However,
this implies that hi_1 — hi < 0, and therefore hi_; < hy, so the weak recency heuristic is

violated. I conclude that an affine return satisfies the weak recency heuristic if and only if

it is a convex return. O

An immediate corollary of the above is that the weak recency heuristic is a sufficient
condition for convergence, since both compound returns and n-step returns are already
known to correspond to contraction mappings (Watkins, 1989, Sec. 7.2). This stems from the
fact that a convex combination of n-step returns, each of which is contractive with modulus
7", must also be contractive: ie., Y ¢,7" < 7 for every choice of nonnegative weights
that sum to 1. In this view, the weak recency heuristic can be seen as a convergence test for
TD learning: divergence is impossible under this heuristic (for on-policy tabular methods).

On the other hand, violating the weak recency heuristic increases the contraction modulus
of the return estimator, with divergence possible if the violation becomes too extreme (e.g.,
Counterexample 4.3). This is because any time an n-step return has a negative weight,
another n-step return must have a larger positive weight to counterbalance it and ensure the
weights sum to 1 overall. This necessarily increases the contraction modulus in Eq. (4.6)
due to the absolute value, underscoring yet another benefit of the weak recency heuristic.
A convex return is not only guaranteed to converge regardless of its weights, but also has a
faster contraction than a nonconvex (affine) return constructed from the same n-step returns.

Finally, I note that these results extend to function approximation as well. In the proof
of Prop. 3.11 in Appendix A.3.4, I discuss how a return estimate, Gt, under /inear function
approximation corresponds to a composite operator Il o H, where II is the linear projection
operator defined in Eq. (2.3). Furthermore, IT is nonexpansive (Tsitsiklis and Van Roy, 1997,
proof of Lemma 6); hence, if H is not a contraction mapping, then IT o H may also fail to
be one. This implies that violating the weak recency heuristic by too much can still increase

the contraction modulus and cause divergence, just like in Counterexample 4.3. In the case
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of nonlinear function approximation, the existence of counterexamples is certain, as even

1-step TD can diverge with some approximators (see Tsitsiklis and Van Roy, 1997, Fig. 1).

4.4 Are Monotonically Decreasing TD-Error Weights
Necessary?

So far, I have focused on the weak recency heuristic: when the eligibility weights are nonin-
creasing. However, as I discussed in Section 4.1, the connotation of the recency heuristic is
often that of strictly decreasing TD-error weights, i.e., the strong recency heuristic (Defini-
tion 4.2). This is why, for example, A-returns are more strongly associated with a recency
heuristic than n-step returns are. Does this distinction between weak and strong recency
heuristics matter in practice? I conduct experiments indicating that the answer is yes, but
in a surprising way; the smoothness of the weights do not appear to be significant, but
the strong recency heuristic does imply that the return estimate consists of infinitely many
n-step returns, which empirically improves credit assignment.

To test the question of whether the smoothness of the TD-error weights matters, I intro-

duce the sparse A-return, defined as

G = (L= N D NG EIT = v (8 + 3 AT
k=1

i=0
where m > 1. The contraction modulus of this return is 8 = y(1 — A) / (1 —~4™\). When
m = 1, I simply recover the standard exponential decay of the A-return from Eq. (2.8).
However, for m > 1, the TD-error weights no longer satisfy the strong recency heuristic
as they become more stepwise (see Figure 4.4). This implies that every m — 1 out of m
n-step returns have zero weight. For example, setting m = 2 generates the TD-error weight
sequence 1, A, X\, A2, A2, ..., which produces an exponential average of the odd n-step
returns: Ggl), GE?’), Gf’), Gg), GEQ), .... The reason I choose this form is because it isolates
the effects of the two recency heuristics by keeping the type of weighted average consistent
(i.e., exponential). If monotonicity is beneficial to learning, then I would expect to observe
a performance degradation for sparse A-returns (m > 1) compared to dense (m = 1).

My experiment setup is a discounted variation (7 = 0.99) of the 19-state random walk

from Section 3.4. I test three different degrees of sparsity for the A-returns, adjusting A
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Figure 4.4: Impulse responses of A\-returns  Figure 4.5: Random-walk performance of
with varying degrees of sparsity. A-returns with varying degrees of sparsity.

for each return to maintain the same contraction modulus in all cases: (A,m) € {(0.9,1),
(0.75,3),(0.65,5)}. The agents are trained for 10 episodes by applying offline value backups
of the form Eq. (2.1) to every experience at the end of each episode. In Figure 4.5, T plot
the RMS error, ||V — v,|,, averaged over the 10 episodes, versus the step size, «, for each
return. The final results are averaged over 400 trials with 95% confidence intervals indicated
by shaded regions.

Because the three returns all have the same contraction modulus (i.e., expected conver-
gence rate), their performance is nearly the same for small values of «, which are able to
average out the noise in the updates. Likewise, the returns share the same lowest error,
as indicated by the dashed horizontal lines in Figure 4.5. However, as o gets larger, their
performances begin to separate, achieving lower average error as the sparsity of the A-return
increases. Thus, even though the eligibility curves become more step-like as the sparsity is
increased and they violate the strong recency heuristic, the overall performance of the return
improves. This demonstrates that the monotonicity of the eligibility curves does not directly
factor into the performance of the return estimators.

The main reason for the sparse A-return’s improvement appears to be that its eligibility

initially decays faster than that of the dense A-return, but then slower as time goes on (see
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Figure 4.4 again). This gives the eligibility curve a long-tailed'® characteristic which, in turn,
propagates credit back faster. In fact, every return that satisfies the strong recency heuristic
must have a similar characteristic, because Definition 4.2 implies that ¢, = h,,_1 —h,, > 0 for
all n > 1, and thus Eq. (2.9) must correspond to a positively weighted average of infinitely
many n-step returns. Although this property is not unique to the strong recency heuristic
(e.g., the sparse A-return has it but does not satisfy Definition 4.2), it does suggest a practical
significance for this heuristic: it implies a long horizon for credit assignment.

However, any benefit of a longer credit-assignment horizon is contingent on controlling
the variance of the return. Fortunately, as I show in the following proposition, a long-tailed
eligibility curve does not increase the worst-case variance when the contraction modulus is

held constant.

Proposition 4.7. Let k; = max Cov[04i,0tys | St]. The worst-case conditional variance of
17]7

any convez return Gy with contraction modulus 3 has the bound
1— 3\2
Var[Gf | St] S (—6) Rt . (48)
1=y
Proof. Let I'(n) == (1 —~™) / (1 — ) be the n-th partial sum of the geometric series. Using
Eq. (2.6) and Eq. (3.1), I derive an upper bound on the covariance between two n-step

returns with lengths ny and no:

n1—1 no—1
Cov[Gi™, G | 8] = cov[ ST V0 Y 0y St]
i=0 §=0

ni—1ng—1

= Z Z Y CoV[Bi4, Oty | Si)
i=0 j=0

ni—1ns—1

< Z Z vV Ky

i=0  j=0
=T(n1) T(ng) k¢ .

Because ) 2 ¢, =1land B =) ¢,7" for a convex return, I also have

> i 1—A" 1=>"> ey" 1-0
Sl = e (F ) = et = 20
o v v B!

n=1

18Tn this context, I use long-tailed informally. For example, I consider exponential functions to have a long
tail for credit assignment, unlike the stricter usage of the term in statistics.
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Therefore, I derive the following upper bound on the variance of a convex return:

Var[G¢ | S)] = ZZCOV GV ¢, GV | 8y

21]1

—ZZCZC]COV : ,G(J | St

which completes the proof. [

This bound is rather loose, but it is general. Eq. (4.8) implies that averages of n-step
returns always have finite variance, even as the n-step returns become arbitrarily long. Fur-
thermore, this upper bound depends only on the contraction modulus of the return itself and
not the chosen weights for the average. Since the contraction modulus is proportional to the
worst-case bias of the return by Eq. (4.6), both the worst-case bias and worst-case variance
of the A-returns in my previous experiment remain the same regardless of sparsity. Thus,
compound returns with a long-tailed eligibility curve are able to assign credit more quickly
without negatively impacting the bias-variance trade-off (at least, in a worst-case sense).

To test the effect of a longer credit-assignment horizon under a controlled contraction

modulus, T repeat the previous experiment but with truncated A-returns (Cichosz, 1994):

™~
—

Gt AL T V(St) + (7)‘)i5t+i (4-9)

I .
=l
o

= Z)\" LGt 4 A1t (4.10)

where L > 1 is the truncation length. The contraction modulus of this return is § =
(1 =AY +9(1 = AN) /(1 —~X). The eligibility curve for this return is a monoton-
ically decreasing function, up until time L when it abruptly falls to zero (see Figure 4.6).
As L — oo, I recover the true A-return, Eq. (2.8). I test three variants of this return:
(A, L) € {(0.99,10), (0.93,20), (0.9,00) }. As before, all of these values are chosen to produce
approximately the same contraction modulus. I plot the average RMS error in Figure 4.7,

again averaged over 400 trials with 95% confidence intervals shaded. The performance is
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Figure 4.6: Eligibility curves of A-returns  Figure 4.7: Random-walk performance of
with varying degrees of truncation. A-returns with varying degrees of truncation.

roughly identical when « is small, since the same contraction modulus guarantees the same
expected performance. However, as « gets larger, the truncated returns perform poorly
compared to the full A-return. This suggests that the performance of the returns is strongly
tied to having longer n-step returns in the average, but only when the contraction moduli
are equalized. This also supports my earlier hypothesis that the results observed with the
sparse A-returns in Figure 4.5 are due to their long-tail eligibility curves and not some other
property such as monotonicity.

To summarize, satisfying the strong recency heuristic creates a compound return compris-
ing infinitely many n-step returns—a long-tailed eligibility curve. This improves the effective
window of credit assignment without exacerbating variance (in a conservative sense), as long
as the contraction modulus is held constant. However, this property is not unique to the
strong recency heuristic; for instance, sparse A-returns violate this heuristic, but are still
averages of infinitely many n-step returns, and outperform dense A-returns in Figure 4.5.
These insights help explain why smooth averages like the A-return are often effective in

practice, even if not strictly necessary for good performance.
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4.5 Discussion

Although non-recent credit assignment should theoretically be possible and useful in certain
learning environments, it does not seem readily compatible with our current formulation
of TD learning. In particular, violating the recency heuristic manifests as negative weights
on some of the n-step components of the return target. These negative weights appear to
counteract learning by increasing the contraction modulus, without offering a clear benefit to
learning, and potentially culminating in divergence as demonstrated by Counterexample 4.3.
The fact that divergence is possible in such a favorable setting—a tabular MRP with fully
observable states—points to the severity of this issue. Successfully implementing new forms
of credit assignment that do not strictly follow the recency heuristic will likely require re-
thinking how we formulate the reinforcement signal in computational RL. My theory will
provide a good starting point for algorithmic development in this direction.

Another major finding is that the recency heuristic is not merely a simple protocol for
addressing the temporal credit-assignment problem, but also has intrinsic importance for
learning value functions. The existence of diverging counterexamples illuminates the critical
role of nonincreasing weights on the TD errors—the weak recency heuristic. The logical
equivalence between this heuristic and the return estimate’s ability to be expressed as a
convex combination of n-step returns unifies two fundamental yet seemingly disparate ideas.
More specifically, convex returns were the most general return estimates for TD learning
identified before my work, and so it is surprising to find they coincide exactly with another
foundational concept in RL: the recency heuristic. This appears to be a novel, unifying
perspective between the forward and backward views of TD learning with arbitrary returns.

Finally, my results help to further explain the strong empirical performance and continued
popularity of TD()\), along with its many variants, for nearly four decades. My experiments
suggest that the smoothness of TD(\)’s exponential decay is not directly responsible for this
success; rather, all compound returns (including A-returns) that average an infinite number
of n-step returns are able to distribute credit over a longer period without exacerbating the
maximum bias or variance. These results confirm the intuition that “the fading strategy
[of TD())] is often the best [versus n-step TD methods|” (Sutton and Barto, 2018, p. 304),

though non-exponential fading strategies are also viable.
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Chapter 5

A-Returns with Experience Replay

Beyond bias-variance properties, the amount of bootstrapping performed by deep RL is an
important computational consideration. Each value estimate requires a forward pass through
a neural network. Compound returns that bootstrap many times—Ilike A\-returns—become
costly when naively combined with random-access experience replay (see Section 5.1).

For this reason, most large-buffer deep RL methods rely on n-step returns for multistep
credit assignment. This is unfortunate, because Chapters 3 and 4 showed that A-returns,
in particular, offer compelling benefits in terms of the bias-variance trade-off and credit
assignment. Thus, it would be nice to utilize A-returns in deep RL.

Past work has combined deep RL and A-returns by replaying minibatches of trajectories
(see Section 5.2). This amortizes the cost of the A-returns over the length of the trajectory
by sharing value estimates, just as eligibility traces do, and achieves an average computa-
tional cost equivalent to n-step returns. However, it also introduces correlations within each
minibatch, and truncates the A-returns at the ends of the trajectories. Both of these effects
inhibit learning, and can largely reverse any benefits over using n-step returns.

Balancing the trade-off between computation, minibatch correlations, and truncation bias
is therefore crucial to the successful deployment of A-returns in experience replay. The pur-
pose of this chapter is to better understand these challenges and to develop algorithms that
overcome them (to the extent that is possible). I introduce cached-trajectory replay (see Sec-
tion 5.3), a replay strategy that efficiently precomputes A-returns in bulk for a random subset
of the replay memory. Minibatches are sampled from this subset for training, reducing sample
correlations and truncation bias without increasing overall computational cost. As a bonus,

the stale return estimates function as stable learning targets, replacing the target network.
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5.1 Naive Minibatch Replay

So far, I have not closely discussed how forward-view A-returns are computed in practice.
Eq. (2.7) comprises, in theory, an infinite number of TD errors. With eligibility traces, this
is not a problem because each TD error is applied as it arrives. Without eligibility traces,
however, some truncation must be applied to make the computation feasible (Cichosz, 1994),
either at an episode boundary or after some fixed number of time steps.

Let G}, denote the A-return at time ¢ truncated to length L > 1. Truncating the

A-return formula from Eq. (2.7) yields

L—-1
Ghorr = V(S + > _(7N) 0y (4.9)
=0
L—-1
=(1-0)_ Al G, (4.10)
n=1

which were briefly introduced in Section 4.4. Eq. (4.9) is justified because it represents the
hypothetical target that TD(\) would reinforce for time ¢ if the episode terminated at time
t+ L. Eq. (4.10) is an equivalent form: an exponentially weighted average of n-step returns
just like Eq. (2.8), but with all of the truncated weight reassigned to the final L-step return.
Because the weights sum to 1, Eq. (4.10) is a compound return and remains a valid TD
target regardless of the truncation length.

For the rest of this chapter, I assume that the A-returns will be applied in a deep
Q-learning agent such as DQN. The value of state s is therefore given by V'(s) = max,e 4 Q(s, a)

and the TD error becomes equal to
O = Rip1 +ymax Q(Sii1,a’) — max Q(Sy, a) .
a’eA acA

With this definition, Eq. (4.10) unconditionally conducts value backups using the maximizing
action for each n-step return, regardless of which actions were actually selected by the behav-
ior policy. This is the (truncated) target for Peng’s Q()A) (Peng and Williams, 1996). Peng’s
Q(A) is biased because it mixes on- and off-policy backups, which has been shown to per-
form well empirically, but it was unknown for a long time whether this is theoretically sound.
Convergence conditions for Peng’s Q(\) were established only recently (Kozuno et al., 2021).

An alternative A-return definition for Q-learning is based on Watkins’ Q(\) (Watkins,

1989), which eliminates off-policy bias by setting A = 0 whenever an exploratory action
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is taken. Watkins’ Q(X) converges to the optimal action-value function in the tabular case
(Munos et al., 2016), but truncating the A-returns in this manner can inhibit multistep credit
assignment and slow learning.

I now discuss the computational cost of A-returns in minibatched experience replay,
putting aside the slight implementation differences of Peng’s and Watkins’ Q(A). Eq. (4.10)
comprises L distinct n-step returns, each of which requires a single value estimate for boot-
strapping. Assuming all other arithmetic operations have no cost (they are minuscule com-
pared to the network itself), then computing one A-return requires L forward passes through
the network. A minibatch of size M would thus require L- M forward passes to construct one
minibatch for training. However, with the same compute budget, it would make more sense
to sample L - M independent n-step returns (of the same length) to obtain more training
samples per minibatch. With randomly sampled minibatches, it is hard to justify the addi-
tional cost of A-returns, as the non-overlapping trajectories cannot be optimized. Because of
the naivety of this approach, there exist no algorithms that use it (to my knowledge). The

next two sections discuss more computationally sensible approaches for replaying A-returns.

5.2 Trajectory Replay

A more efficient and straightforward way to incorporate A-returns into experience replay is
to slightly modify the sampler to return minibatches of trajectories instead of individual
experiences. This way, adjacent return estimates can share value bootstraps, reducing the
total computation to roughly that of an equally sized minibatch of n-step returns.
Eligibility traces are recursive, which is what enables their highly efficient update rule.
It turns out that A-returns also have this useful property. To show this, I start by defining

the truncated TD(\) error as
L1

52\:t+L = Z(WA)iCStﬂ‘
=0
and noting that Eq. (4.9) equals Gy, ;, = V(S:)+0;y,, 1. The TD(X) error is recursive because

52\:t+L =0y + ’7)‘6t>\+1:t+L .

Adding V'(S;) to both sides and substituting 6;% 1., ; = G144 — V(Se41) provides a recur-
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sive formula for the A-return:
Gl = G + A (G?—&-l:t-i-L - V(St+1)) -
Finally, because Ggl) = Ryy1 + 7V (Si11), the above can be simplified to
Gruip = Ry + 7((1 — N V(Si1) + >‘Gz\+1:t+L> ) (5.1)

which is slightly more efficient but otherwise equivalent. (This equation also reveals the
inherent bias-variance trade-off: A = 0 fully bootstraps and A = 1 does not bootstrap at all.)
Although the derivation here is my own, I note that these recursive formulas have been well
known in the literature (see, e.g., Peng and Williams, 1996; Degris et al., 2012).

Most importantly, because G}, ; can be computed from G}, using just one boot-
strap, V(Si41), an entire L-length sequence of A-returns can be generated using L value
estimates. In other words, only L forward passes through the network are needed, making
the trajectory equal in cost to a size-L minibatch of n-step returns. The disadvantage that
the experiences in the trajectory are highly correlated, which can impact impact learning
based on stochastic gradient descent.

Alternatively, and more common in practice, a minibatch of several trajectories can
be sampled (e.g., Munos et al., 2016; Harb and Precup, 2016; Wang et al., 2017; Kozuno
et al., 2021; Tang et al., 2024). This interpolates the computational cost and correlation
strength between naive minibatch replay and full trajectory replay. Trajectory replay like
this is convenient because it requires minimal changes to existing deep RL methods, but
the resulting truncation bias (especially when L is small) and sample correlations can still

counteract the benefits of using A-returns in the first place.

5.3 Cached-Trajectory Replay

An ideal replay algorithm for A-returns would utilize Eq. (5.1) to compute A-returns over very
long trajectories (to maximize computational efficiency and minimize truncation) while also
preserving truly randomly sampled minibatches (to minimize sample correlations). Toward
this, I propose a sampling strategy called cached-trajectory replay. I exemplify the concept
with DQN, although it is applicable to any value-based deep RL method that uses a periodic

target network. I refer to this particular instantiation as DQN(A) (see Algorithm 1).
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Algorithm 1 DQN(A) with cached-trajectory replay

1:
2:
3:
4:
o:

6:
7
8:

9:
10:
11:
12:
13:
14:
15:

16:
17:
18:
19:
20:
21:
22:
23:

24:
25:
26:
27:
28:
29:

30:

31:
32:
33:
34:
35:

Prepopulate replay memory D with at least L experiences collected arbitrarily
Randomly initialize neural network parameters 6
Initialize environment state Sy
for t =0,1,2,... until convergence do
if t mod 7 = 0 then
0 < TRAIN(O, D)
end if
arg max,. 4 Qo(S;, @) with probability 1 — ¢
a~UA) with probability ¢
Observe next state Sy; and reward R; 4
Store experience (S, Ay, Si11, Riv1) in D
if terminal(S;;;) then
Reset environment state Styq
end if
end for
return 6

Execute action A; =

function TRAIN(O, D)
C < BUILD-CACHE(D)
for N / B iterations do
Sample minibatch {(S®, A® G ) E  from C
Update network: 8 < @+ & 37 (GM) — Q(SD, AD))VQe(SD, AD)
end for
return 6
end function

function BUILD-CACHE(D)
Initialize empty cache C
for N / L iterations do
Sample index i ~ U{0, |D| — L}
Retrieve block {(Si+j7 AH_]‘, Sz'+1+j7 Ri—l—l—l—j)}f;& from D
for j=L—-1,L—2,...,0do
\ R4 if terminal(.Sj11)
G5 = R+ ’y((l —A) max Qo(Sj41,a") + )\G?Jrl) otherwise
Add training sample (S;, A;, Gj) to C
end for
end for
return C
end function

65



Because A-returns are substantially more expensive than n-step returns, an ideal replay-
based method minimizes the number of times each return estimate must be computed. My
first modification of DQN is therefore to precompute and store A-returns along with their
corresponding transition in the replay memory, D. The calculation of the A-returns must be
sufficiently deferred because of their dependency on future states and rewards; one choice
might be to wait until a terminal state is reached and then transfer the episode’s A-returns
to D. Training then becomes a matter of sampling minibatches of A-returns from D and

reducing the squared error. The new loss function becomes the following:
1
L£(0) =E|(G* - Q(s,4)°| .

which is just Eq. (2.10) but with G = G*. There are two major advantages to this strategy.
First, return computation is not repeated when a transition is sampled in multiple mini-
batches. Second, adjacent A-returns in the replay memory can be calculated efficiently with
the recursive update in Eq. (5.1). The latter point is crucial; while computing randomly
accessed A-returns is prohibitively expensive as discussed in Section 5.1, computing them in
reverse chronological order requires only one forward pass per A-return.

Storing A-returns like this means they become outdated as the value function evolves,
greatly slowing learning if the replay memory is large. However, this presents a fortunate
opportunity to eliminate DQN'’s target network altogether. Rather than copying parameters
0 to 6~ every 7 = 10,000 time steps, I propose to refresh the A-returns in the replay memory
using the current value function. This achieves the same effect as a target network by
providing stable TD targets, but eliminates the redundant network copy.

Still, this process is too expensive for typical DQN implementations, which have a replay
memory capacity on the order of millions of transitions. To make the computation invariant
to the size of the replay memory, I propose a new strategy where N / L contiguous “blocks”
of L transitions are randomly promoted from the replay memory to build a cache C of
size N. By refreshing only this small memory and sampling minibatches directly from it,
calculations are not wasted on A-returns that are ultimately never used. Furthermore, each
block can still be efficiently refreshed using Eq. (5.1) as before. Every 7 time steps, the cache
is regenerated from newly sampled blocks (see Figure 5.1), once again obviating the need for
a target network.

66



Replay Memory ¢ ¢

G | Gia Gz(—li-)Z G;\ Gj\'i‘l Gﬁ-i)z &
S < A L <~ < ]
L J L J
T T
A A
r he 0

G} Gz/'\+1 G\ G; G?ﬂ al)

Jj+2

Cache

Figure 5.1: Ilustration of cached-trajectory replay. For each randomly sampled index, a
sequence (“block”) of A-returns is efficiently generated backwards via recursion. Together,
the blocks form the new cache, which is treated as a surrogate for the replay memory for the
next F' time steps.

Finally, I note a possible optimization for cached-trajectory replay that I call a Virtual
Replay Cache (VRC). The implementation described above consumes a large amount of
memory since it duplicates state-actions pairs that are promoted into the cache from the
replay memory. This extra memory cost can be avoided by using indirection. The key
observation is that the storage of state-action pairs in the cache serves a purely logical
function: i.e., indication of which state-action pairs are eligible for minibatch sampling. Since
this data already exists in the replay memory, it is redundant to copy it into a separate data
structure when it can be retrieved from the original source just as easily. The cache can
instead be thought of as a useful abstraction rather than a physical data structure.

When the replay memory is implemented as an array, cache membership can be easily
tracked by storing the numerical index of each experience. As a result, no experiences need
to be copied at any point during the cache building process; their indices are recorded (along
with their precomputed A-returns) and then used to locate the state-action pairs later as
needed. [ illustrate this concept in Figure 5.2. When the memory footprint of a state-action
pair is much larger than that of an integer, the VRC saves a considerable amount of memory

and is slightly faster. Most importantly, in conjunction with these benefits, the VRC is a pure
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Figure 5.2:  Graphical comparison of (a) the standard DQN(X) cache and (b) the VRC.
The standard cache wastefully duplicates state-action pairs that already exist in the replay
memory—a costly operation. Instead, the VRC stores only the locations of the state-action
pairs, referencing them indirectly as needed and saving substantial memory.

refactor of DQN(A); the agent’s learning performance is unaffected. For ease of exposition,

I do not include these implementation details in Algorithm 1.

5.4 Atari 2600 Experiments

In order to characterize the performance of DQN()), I conduct experiments in six Atari 2600
games. | use OpenAl Gym (Brockman et al., 2016) to provide an interface to the Arcade
Learning Environment (ALE; Bellemare et al., 2013), where observations consist of the raw
frame pixels. The frames are converted to grayscale, downsized to 84 x 84 pixels, and stacked
in groups of 4 to approximate the game state, following Mnih et al. (2015). I use the same
convolutional neural network from Mnih et al. (2015) for all agents: three convolutional
layers followed by two fully connected layers. The agents are trained for 10 million time
steps (40 million game frames). The e-greedy exploration is linearly annealed from 1 to 0.1
over the first one million time steps and then held constant. Rewards are clipped to the set
{—1,0,+1}, according to their signs, for stability.

I compare DQN()) against a standard target-network implementation of DQN which
uses 3-step returns, which were shown to work well by Hessel et al. (2018). Overall, I match

the hyperparameters from Mnih et al. (2015), except I train the neural networks with Adam
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Table 5.1: Hyperparameters for DQN(A). The upper section lists DQN hyperparameters
from Mnih et al. (2015), while the lower section lists hyperparameters unique to DQN()).

Hyperparameter Symbol  Value Description

minibatch size B 32 Number of samples used to compute a single
gradient descent step.

replay memory size 1,000,000 Maximum number of samples that can be
stored in the replay memory before old sam-
ples are discarded.

agent history length 4 Number of recent observations (game frames)
simultaneously fed as input to the neural net-
work.

refresh period T 10,000 Interval, measured in time steps, at which

the target network is updated for DQN or
the cache is rebuilt for DQN(A).

discount factor 0% 0.99 Weighting coefficient that influences the im-
portance of future rewards.

replay start size 50,000  Number of time steps for which to initially
execute a uniform random policy and prepop-
ulate the replay memory.

cache size N 80,000 Number of samples used to build the cache
upon refresh.

block size L 100 Atomic length of the sampled sequences that
are promoted into the cache upon refresh.

(Kingma and Ba, 2015) using o = 1074, 8; = 0.9, 8, = 0.999, and ¢ = 10~*. My chosen
hyperparameters are summarized in Table 5.1.

When sizing the cache for DQN(A), I make sure that the average number of training
samples per time step (8:1 ratio) is preserved for fair comparison. Specifically,

10,000 time steps 1 minibatch 32 samples 80,000 samples

1 refresh 4 time steps . 1 minibatch 1 refresh
Hence, I use N = 80,000 for all experiments, which equates to 2,500 minibatches per cache
refresh (because 80,000 /32 = 2,500). To help reduce bias when building the cache, I permit
overlapping blocks. That is, I do not check for boundary constraints of nearby blocks, nor
do T align blocks to a fixed grid (in contrast to a real computer cache). This means that
multiple copies of the same experience might exist in the cache simultaneously, but each

experience therefore has the same probability of being promoted.
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Figure 5.3:  Sample efficiency of Peng’s DQN(A) with A € {0.25,0.5,0.75,1} compared
against 3-step DQN in six Atari games. The horizontal axis is time steps. The results are
averaged over 10 trials with standard errors of the mean shaded.

I first compare DQN(A) using Peng’s Q(A) with A € {0.25,0.5,0.75, 1} against the 3-step
baseline in each of the six Atari games. In Figure 5.3, I plot the agent’s performance at a
given time step by averaging the earned scores of its past 100 completed episodes. The results
are averaged over 10 trials with the standard error of the mean shaded. For every game, at
least one A-value matches or outperforms the 3-step return. Notably, A € {0.25,0.5} yields
huge performance gains over the baseline on Breakout and Space Invaders. This finding
is quite interesting because n-step returns have been shown to perform poorly in Breakout
(Hessel et al., 2018), suggesting that A-returns can be a better alternative.

In certain scenarios, it is desirable to train a model as quickly as possible without regard to
the number of environment samples. For the best A-value tested on each game in Figure 5.3,
I re-plot the learning curve a function of wall-clock time (measured in hours) and compare
it against the 3-step baseline in Figure 5.4. Notably, DQN(\) completes training faster than

DQN in five of the six games. This shows that the cache can be more computationally efficient
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Figure 5.4: Real-time efficiency of Peng’s DQN(A) with the best A-value from Figure 5.3
compared against 3-step DQN in six Atari games. The horizontal axis is time in hours. The
results are averaged over 10 trials with standard errors of the mean shaded.

than a target network. The speedup can be mainly attributed to better parallelization on
the graphics processing unit (GPU) when computing action values for the A-returns, because
the cache blocks are larger than a typical minibatch (L = 100 versus B = 32).

Because Peng’s Q(\) is a biased return estimator, I also repeat the previous experiment
using Watkins’ Q(A). The results are plotted in Figure 5.5. Again, the results are averaged
over 10 trials with the standard error of the mean shaded. Surprisingly, Watkins’ Q(\) fails to
outperform Peng’s Q(A) in every game tested. The worse performance is due to trace cutting,
which—although well motivated—slows credit assignment despite the bias correction. This

suggests that long-term credit assignment is more important in these six games.
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Figure 5.5: Sample efficiency of Watkinsg’” DQN(X) with A € {0.25,0.5,0.75,1} compared
against 3-step DQN in six Atari games. The horizontal axis is time steps. The results are
averaged over 10 trials with standard errors of the mean shaded.

5.5 Discussion

I proposed cached-trajectory replay, a technique that allows for the efficient integration of
A-returns in value-based RL methods with experience replay. Compared to naive minibatch
replay and trajectory replay, cached-trajectory replay strikes a more favorable balance be-
tween computational efficiency, minibatch correlations, and truncation bias. Additionally,
because A-returns are stored in a periodically refreshed cache, the need for a target network
is eliminated. My experiments show that replaying A-returns in this manner can greatly in-
crease the sample efficiency of DQN compared to using a well-tuned n-step return—although
Peng’s Q(\) appears to be much more effective than Watkins’ Q(A).

While this chapter focused specifically on A-returns, cached-trajectory replay is equally
applicable for other multistep return estimators. One avenue for future work is to utilize

a low-variance, bias-corrected return such as Tree Backup (Precup et al., 2000), Retrace
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(Munos et al., 2016), or trajectory-aware returns (see Chapter 6) for potentially better
performance. Cached-trajectory replay is a modular technique which can be useful to a

wide range of off-policy RL methods by enabling the efficient computation of multistep

returns beyond simple n-step returns.
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Chapter 6

Trajectory-Aware Off-Policy
Corrections

Off-policy learning is crucial for sample-efficient RL with experience replay. However, coun-
teracting the off-policy bias of multistep returns without exacerbating variance is challenging.
Classically, off-policy bias is corrected in a per-decision manner: temporal-difference errors
are re-weighted by the IS ratio following each action. Many off-policy algorithms rely on this
mechanism, along with differing protocols for cutting the IS ratios to combat the variance
of the estimator (e.g., Precup et al., 2000; Harutyunyan et al., 2016; Munos et al., 2016;
Mahmood et al., 2017).

If an IS ratio is ever fully cut, the effect cannot be reversed later by per-decision methods.
This has led to the development of credit-assignment strategies that account for multiple
past experiences simultaneously. These trajectory-aware methods have not been extensively
analyzed, and their theoretical justification remains uncertain.

In this chapter, I propose a multistep operator that expresses both per-decision and
trajectory-aware methods. I prove convergence conditions for my operator in the tabular
setting, establishing the first guarantees for several existing methods as well as many new
ones. Finally, I introduce Recency-Bounded Importance Sampling (RBIS), which leverages

trajectory awareness to perform robustly across A-values in several off-policy control tasks.
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6.1 Trajectory-Aware Return Estimators

Recall from Section 2.6 that arbitrary per-decision corrections have the form

o] t+1
o= QS A) + 3~ ( I1 /Bj) 0. (2.11)

i=0 j=t+1
This return estimator facilitates convergence to ¢, whenever 0 < p; < p; for all j, where
pj = m(A; | S;) / b(A; | S;) is the IS ratio. The coefficient p; is referred to as a trace by
Munos et al. (2016) in reference to backward-view eligibility traces, although Eq. (2.11) is
written in the forward view for clarity.

While per-decision traces are convenient from a computational perspective, they require
making choices about how much to cut each trace without considering the effects of previous
choices. This can lead to suboptimal decisions. For example, if a trace is cut by setting ¢; = 0
at some time step j > ¢, then state-action pair (S, A;) will stop undergoing reinforcement
(until it is visited again). Because of the multiplicative nature of these corrections, this
effect cannot be reversed later. Regardless of whatever new experiences are encountered
by the agent, experiences before time j become ineligible for additional credit assignment,
potentially resulting in an opportunity cost. In fact, this exact phenomenon is why Watkins’
Q(A) often learns more slowly than Peng’s Q(\), as was shown experimentally in Section 5.4,
even though the former avoids off-policy bias. The same effect (but to a lesser extent)
impacts Tree Backup and Retrace, where ¢; < 1 always holds in Eq. (2.11), implying that
the eligibilities of past experiences cannot increase.”

I illustrate this phenomenon in a small, deterministic MDP that I call the Tightrope
Problem (see Figure 6.1). The environment consists of n sequential, non-terminal states
with two actions available: a; and as. The agent starts in state s; and advances from s;
to s;11 whenever it takes action ay. If ¢ = n, then the episode terminates and the agent
receives +1 reward. Taking action ay in any state immediately terminates the episode with
no reward. Clearly, the optimal policy is to execute a; regardless of the state.

Now consider the following undiscounted off-policy learning scenario. Suppose the agent’s

behavior policy b is uniform random, but the target policy m is e-greedy with respect to

19For on-policy learning, this was shown in Chapter 4 to be desirable. However, for off-policy learning, it
can be beneficial to offset low-probability outcomes under the behavior policy with increased eligibilities.
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Figure 6.1: The Tightrope Problem. Starting from state s;, the agent must take a specific
sequence of n actions to receive the +1 reward.

Q(s,a). For each state s, it follows that m(a | s) = 1 — € if a = argmax, .4 Q(s,a’) and
m(a | s) = € otherwise. I assume € is small in the sense that e < 1.

Suppose now that the agent successfully receives the +1 reward during an episode, im-
plying that it took action a; on every time step. I can compute the eligibility of the initial
state-action pair (sj,a1) as an expression in the number k& < n — 1 of remaining incorrect
actions in the greedy policy: i.e., where argmax, . 4 Q(s,a’) # a; and s # s1.

Assume A = 1 for this example. The standard IS estimator, which does not cut traces

when A = 1, assigns an eligibility of

(i) (553) ~a-or e o

This can be greater than 1 when k£ < n — 1, suggesting that the agent’s behavior should

be heavily reinforced when the greedy and optimal policies agree closely. However, a per-
decision method like Retrace cuts traces by setting p; = min(1, p;) in Eq. (2.11) without con-
sidering the full trajectory (see Section 6.2), ultimately assigning a much smaller eligibility:

(min(l, %) > o (min(l, 1/%) ) k = (2)".

The eligibility in this case decays monotonically for every suboptimal action in the greedy
policy, despite the fact that A\ = 1, illuminating how per-decision trace cutting can lead to
excessively small eligibilities—especially when € is close to 0.

This issue stems from the fact that Retrace is not aware of its past eligibilities, and
continues to decay them even when they underestimate the full IS product. This issue is not
unique to Retrace, and affects other per-decision methods like Tree Backup. A trajectory-
aware method that can actively adapt its trace-cutting behavior based on the magnitude of

past eligibilities could be more efficient.
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One way to obtain a trajectory-aware method is to compute the exact IS product in
Eq. (6.1) and then make adjustments to it to achieve certain properties (e.g., convergence
and variance reduction). For example, Truncated IS (see Section 6.2) simply imposes a fixed

bound on the IS estimator:

min(l, (2(1 - e))”‘l‘k(ze)k> .
Truncated IS reduces the eligibility only when it exceeds a prespecified threshold, effectively
avoiding trace cuts when the true IS estimate is small. In Section 6.5, I propose an algorithm,
RBIS, which achieves a similar effect using a recursive, time-decaying threshold.

As this example demonstrates, it can be advantageous to consider the agent’s past experi-
ences to produce better decisions regarding credit assignment. One of this chapter’s principal
contributions is the proposal and analysis of an off-policy operator M that encompasses this
possibility. Let Fi.,q; = (5}, A])Ejt be the agent’s trajectory from time t to t + . I define a

trajectory-aware return estimate to have the form
Gy =Q(S, A) + Z'Yth:H-i(SL_i ) (6.2)

i=0
where Hyy; == h(Fi4as) and h: (S x A)* — R is an arbitrary weighting over trajectories.
This corresponds to the trajectory-aware operator M: RIS*Al — RIS¥Al which is defined by

Z ’Vth;tJri(SZrJri

1=0

(MQ)<57 a’) = Q(Sv CL) +E,

(Si, Ay) = (s,a)] ) (6.3)

I define Hy; =1 to ensure that the first TD error, d7, is applied. In Section 6.3, I characterize
the values of Hy.,,; for i > 1 that lead to convergence.

The major challenge—and main novelty—of the trajectory-aware operator is the com-
plex dependence on the experience sequences. This makes the operator difficult to analyze
mathematically, as the terms in the series 1 + vHy 1 + V> Hyyo + -+ - generally share no
common factors that would allow a recursive formula. Some off-policy methods, however,
cannot be described by factored traces, and therefore removing this assumption is necessary
to understand existing algorithms (see Section 6.2), while also paving the way for new credit-
assignment methods. In the special case where Hy.;,; does factor into Markov coefficients,
e, Hyppi = HEZH p;, then Eq. (6.2) reduces to Eq. (2.11), recovering the per-decision set-
ting studied by Munos et al. (2016). The operator M, therefore, unifies per-decision and

trajectory-aware methods.
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6.2 Unifying Off-Policy Algorithms

The operator M is a strict generalization of the per-decision operator considered by Munos
et al. (2016), allowing me to express existing algorithms in this form. I provide a non-
exhaustive list of examples below with the corresponding value of H;;.; used in M. For

brevity, let I, 1.4; = H;ZH p; for i > 1 and let 1,41, == 1.

Importance Sampling: H;;; = N1,y (Kahn and Marshall, 1953). The standard
approach for correcting off-policy bias. Although it is the only unbiased estimator in this

list (if A = 1), it suffers from high variance, making it difficult to utilize.

Q"(\):  Hyyyi = A" (Harutyunyan et al., 2016). A straightforward algorithm that decays the
TD errors by a fixed constant. The algorithm does not require explicitly knowing b, which is
desirable, but can diverge if 7 and b differ too much (Harutyunyan et al., 2016, Theorem 1).
Tree Backup: Hiuy = M\ HEZH m(A; | S;) (Precup et al., 2000). A method that au-
tomatically cuts traces according to the product of probabilities under 7, which forms a
conservative lower bound on the IS estimate. Tree Backup converges for any behavior policy
b, but it is not efficient since traces are cut excessively—especially in the on-policy case.

Retrace: H,, ; = \ H;ZH min(1, p;) (Munos et al., 2016). A convergent algorithm for
arbitrary policies m and b that remains efficient in the on-policy case because it does not cut
traces (if A = 1); however, the fact that Hy.,y; never increases as i — oo can cause the trace

products to decay too quickly in practice (Mahmood et al., 2017; Rowland et al., 2020).

All of the above can be analyzed using a per-decision operator. The next two, on the
other hand, have weights that depend jointly on the trajectory. I use the M operator to

prove theoretical properties about these methods in Section 6.3.

Recursive Retrace: Hy;; = Amin(1, Hy4yi 1 - prs) (Munos et al., 2016). A modification
to Retrace conjectured to lead to faster learning. It clips products of ratios, rather than indi-

vidual ratios. Its convergence for control was an open question, which I resolve in Section 6.3.
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Truncated Importance Sampling: Hy; ; = AN*min(1,11;,1.,;) (Tonides, 2008). A sim-
ple but effective method to combat the variance of IS. Variations of this algorithm have
been applied in the RL literature (e.g., Uchibe and Doya, 2004; Wawrzyniski and Pacut,
2007; Wawrzynski, 2009), but, to my knowledge, its convergence in an MDP setting had not

been studied. In Section 6.4, I show that it diverges in at least one off-policy problem.

6.3 Convergence Analysis

In this section, I study the convergence properties of the M operator for policy evaluation
and control. It is convenient to re-express Eq. (6.3) in vector notation for my analysis. To
do this, I first bring the expectation inside the sum, by linearity of expectation:
(MQ)(Sa a) = Q(S7 CL) + Z ’yl IEjb [Ht:t+i (5;-2 | (St7 At) = (87 a)] . (64)
i=0

To write Eq. (6.4) in vector form, I define an operator H; such that
(Hiq)(s,a) = Ey [Ht:t+iQ(St+iaAt+i) ‘ (S, Ay) = (S,G)} )

allowing me to express the M operator as
Mq=q+) FHi(T.q—q). (6.5)
i=0
H, is a linear operator and hence can be represented as a matrix in RIS*AXIS*Al the elements
of which are nonnegative. Each element of H;, row-indexed by (s,a) € S x A and column-

indexed by (s',a’) € S x A, has the form

Hi((‘Sv CL), (8/7 a/>) = Prb((StJri?AtJri) = (SIJ al) | (Sl‘v At) = (57 CL))
x E, [Ht:Hi ‘ (Si, Ay) = (s,a), (Stys, Apri) = (s',a’)} .

This is because multiplying the matrix H; with a vector g results in the same operation as

the weighted expected value in Eq. (6.4):

(Hiq)(s,a) = Z Z ’Hi((s, a), (s, a')) q(s',d’)

s’'eSa’eA
= Z Z Prb((5t+i,At+i> = (s,a) | (St Ar) = (Saa))
s'eSa’eA

X Ky, [Ht:t+i | (St, Ar) = (8, a), (Seyis Avyi) = (Slaal)]

x q(s',a’)
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=E, | K [Ht:tJri ’ (S, Ay) = (3,@)} X q(Sitis Argi)

(Se, Ar) = (S,G)]
=, [Ht:tJrz' X q(Sptis Atgi) | (St, Ay) = (S7CL)] .

So, when H; is applied to the expected TD error, T,q — q, Eq. (6.5) becomes Eq. (6.4).
Note that Hy = I, the identity matrix, because of my earlier definition of H;; = 1
in Eq. (6.3). In the following sections, all inequalities involving vectors or matrices should
be interpreted element wise. I let | X|| = || X||,, for a matrix X € RIS*AXIS*Al"which
corresponds to its maximum absolute row sum. I also define 1 € RIS*Al to be the vector
of ones, such that X1 returns the row sums of X. To further simplify notation, I define

P, .= PE,, making the action-value Bellman operator equal to
T.q=7r+vP,q.

I start in the off-policy policy evaluation setting. Specifically, my goal is to prove that
the repeated application of the M operator to an arbitrarily initialized vector g € RIS*A
converges to g,. I use the following condition which ensures that the trajectory-aware co-
efficients do not increase on average as time elapses. My theorem also requires two lemmas

which I state below (proofs in Appendices B.1.1 and B.1.2, respectively).

Condition 6.1. H;; < Hypviq - pras for allt >0 and i > 1.

Lemma 6.2. q, is a fized point of M. The difference between Mgq and q, is
Mq—q:.=2Z(q—ax), (6.6)

where Z =32 v (Hi-1Pr — H,).

Lemma 6.3. If Condition 6.1 holds, then Z has nonnegative elements and its row sums

obey Z1 < .

Theorem 6.4. If Condition 6.1 holds, then M is a contraction mapping with q. as its
unique fized point. Consequently, limy_,.o M*q = g, ¥V q € RIS*AL

Proof. Lemma 6.2 establishes Eq. (6.6) and that g, is a fixed point of M. Lemma 6.3 shows

that Z > 0 and Z1 < ~ using the assumption that Hy;; < Hyyii1 - pros for all ¢ > 0 and
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i > 1 (Condition 6.1). Consequently, Z(q — g,) in Eq. (6.6) is a vector whose components
each comprise a nonnegatively weighted combination of the components of q — q,., where the
weights add up to at most . This means ||[Mq — q,|| < 7||g — gx||, and M is a contraction
mapping. Its fixed point, q,, must therefore be unique by the Banach fixed-point theorem
(Banach, 1922), implying that lim;_,., M*q = q;, for every g € RIS*4 when v < 1. O

Given that the ratio Hy,y; / Hyyi—q is bounded by p;i; (Condition 6.1), the M operator
admits convergence to q,. Intuitively, this ratio can be thought of as the effective per-
decision factor at time ¢ + 2; convergence is guaranteed whenever this factor is no greater
than pyy;, analogous to the convergence result for the per-decision operator (Munos et al.,
2016, Theorem 1). My theorem implies the existence of a space of convergent trajectory-
aware algorithms, because each trace Hy;,; can be chosen arbitrarily (but consistently) so
long as it always satisfies the bound on this ratio.

I now consider the more challenging setting of control. Given sequences of target policies
(7mk)k>0 and behavior policies (by)r>0, I aim to show that the sequence of value functions
(@r)r>0 given by qri1 = Myqy converges to q.. Here, My is M defined for 7 and by.

Compared to the convergence proof of the per-decision operator (Munos et al., 2016,
Theorem 2), the main novelty of my proof is the fact that the traces under M are not Markov.
Consequently, I require new techniques to establish bounds on q — g., since Eq. (6.3) is not
representable as an infinite geometric series and so the sum does not have a closed-form
expression. | additionally relax two assumptions from Munos et al. (2016), on initialization
of the value function and on increasing greediness of the policy. My proof requires only that
the target policies become greedy in the limit. A sequence of policies is greedy in the limit if

T, qr — T'qi, as k — oo, where T'is the Bellman optimality operator
Tq:=r+~vPEkq

and E: RIS*Al — RISl is defined such that (Eq)(s) := max,c4q(s,a). I discuss the signifi-
cance of these relaxed assumptions at the end of this section.

First, let C}, = ZZO viH; for the policies 7, and by, and write the M operator at
iteration k as

I now present my convergence theorem for control.
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Theorem 6.5. Consider a sequence of target policies (my)r>0 and a sequence of arbitrary
behavior policies (bg)r>0. Let qo be an arbitrary vector in RIS*Al gnd define the sequence
Qr+1 = Miqi, where My, is the operator defined by Eq. (6.7). Assume that (my)k>0 is greedy
in the limit, and let €, > 0 be the smallest constant such that Ty, qr > Tqi — exl||qe||1. If
Condition 6.1 holds for all k, then

€

k
ak|l ; 6.8
" Jal (63

Mrar — a.l| < vllar — q.| + 7

and, consequently, klim qr = q..
—00

Proof (sketch; full proof in Appendiz B.1.3). 1 define matrices Zy and Z;, which correspond
to Z in Eq. (6.6) for target policies m and 7, respectively, and behavior policy bg. I then

derive the inequalities

Zi(qr — qx) — el|lgr]|Crl < Mypqr, — q. < Zi(qr — q.)

which together imply Eq. (6.8). Thus, M, is nearly a contraction mapping with g, as its
unique fixed point, excepting the influence of the O(|gx||) term. However, the greedy-in-
the-limit target policies guarantee that ¢, — 0. Showing that ||q|| remains finite completes

the proof because ||gr — g.|| — 0 must follow. O

The convergence criterion for Hy; (Condition 6.1) is the same for both policy evaluation
and control. In fact, the only additional assumption I need for control is the greedy-in-the-
limit target policies. Crucially, the proof allows arbitrary behavior policies and an arbitrary
value function initialization, which I discuss below.

To summarize, removing the Markov assumption of the per-decision operator to en-
able trajectory-aware methods was my primary motivation. When the trace factors are
Markov, the operator #,; is independent of ¢, allowing the sum > .~/ viH; to be reduced to
Yooeo(vPs)t = (I —~yP;)~! for a linear operator P;, as was done by Munos et al. (2016). In
my proofs, I avoid the Markov assumption by directly analyzing the infinite sum, which gen-
erally does not have a closed-form expression. Thus, I have established the first convergence
guarantees for arbitrary trajectory-aware methods (in expectation).

I permit any initialization of qo in the control setting. In contrast, Munos et al. (2016)
made the assumption that T, gy — go > 0 in order to produce a lower bound on Riqi — q.
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(where Ry, is the per-decision operator at iteration k), accomplished in practice by a pes-
simistic initialization of the value function: gy(s,a) = —||r||/(1—7), V (s,a) € S x A. Since
the per-decision operator is a special case of M in which each coefficient H;,,; factors into
Markov traces, I deduce as a corollary that Retrace and all other per-decision algorithms do
not require pessimistic initialization for convergence.

Finally, my requirement of greedy-in-the-limit target policies in Theorem 6.5 is less re-
strictive than the increasingly greedy policies proposed by Munos et al. (2016). I need
only limy_o T, qr = T'qr, and I do not force the sequence of target policies to satisty
P, .. qii1 > Py qpy1. This implies that the agent may target non-greedy policies for any
finite period of time, as long as the policies do eventually become arbitrarily close to the
greedy policy. As a corollary, increasingly greedy policies are not necessary for the optimal

convergence of Retrace and other per-decision methods.

6.4 Examples of Convergence and Divergence

The generality of the trajectory-aware operator means that it provides convergence guaran-
tees for a number of credit-assignment methods that I did not discuss in Section 6.2. These
include variable or past-dependent A-values (e.g., Watkins, 1989; Singh and Sutton, 1996; Yu
et al., 2018). All of these can be represented in a common form and shown to satisfy Con-
dition 6.1. Convergence of the instantiated trajectory-aware operator for policy evaluation

and control follows because Condition 6.1 is sufficient to apply Theorems 6.4 and 6.5.

Proposition 6.6. Any trajectory-aware coefficients expressible in the form

Hypvi = H;ZH M Fis1:) - pj, where A: (S x A)* — [0, 1], satisfy Condition 6.1.
Proof. Hypvi = Heppior * MFrsrrd)  prvi < Hegpio1 - pryie L

In Section 6.2, I also discussed two existing trajectory-aware methods whose convergence

was unknown. I first show that Recursive Retrace satisfies the required condition.
Proposition 6.7. Recursive Retrace satisfies Condition 6.1.

Proof. Munos et al. (2016, Eq. 9) define the trace product for Recursive Retrace such that
Hyyvi = Hyggion - Amin(

1
Hityi

7pt+i> = /\min(l, Hypyia 'thri) < Hipvio1 - Peti - [
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Unfortunately, the coefficients for Truncated IS do not always satisfy the required bound.
Proposition 6.8. Truncated IS may violate Condition 6.1.

Proof. 1provide a counterexample. Recall that Truncated IS defines Hy;,; = N min(1, T4 1.414)-
Consider a trajectory Fi.y; such that II;,1..4;, 1 = 2 and % < peri < A. (It is straightforward
to define an MDP, behavior policy, and target policy to create such a trajectory.) Be-
cause pii > 1/ yq1vi1, then Typpy = Myy140io1 - pess > 1. Thus, Hypyy = A and

Hiiypio1 = A1 and Condition 6.1 is violated because Hytyi / Hyrri1 = N € peyi- O

Because Theorems 6.4 and 6.5 cannot be applied, the precise conditions under which
Truncated IS converges remains an open problem. Condition 6.1 is sufficient for convergence,
but probably not necessary. This is because my proofs of Theorems 6.4 and 6.5 use this
assumption to guarantee that the matrix Z in Eq. (6.6) has nonnegative elements, making it
straightforward to show that its row sums are sufficiently bounded for M to be a contraction
mapping. However, M could remain a contraction mapping even when Z has negative
elements, so long as || Z|| < 1. It could theoretically be the case that Z for Truncated IS
occasionally contains negative elements but || Z|| is still bounded enough to converge.

Nevertheless, I am able to find at least one off-policy problem for which this is not true,
implying that certain initializations of the value function could ultimately cause Truncated

IS to diverge.

Counterexample 6.9 (Off-Policy Truncated IS). Consider Truncated IS with A\ = 1, so
Hyyyi = min(1, 11 1.444). Assume the MDP has one state s and two actions {ay,as}, the
behavior policy is uniform random, and the target policy selects ay with probability p € (0,1)

and selects ay otherwise. When p = 0.6 and v = 0.94, then | Z]| > 1.

Many choices of p and v make || Z]| > 1, but I discuss these specific values in Appendix B.2.1.

This result is surprising compared to the per-decision case, where Munos et al. (2016)
showed that arbitrary trace cuts always produce a convergent algorithm. Why does the
analogous result—in which Hy.,.; < Il;y1.44; is satisfied for all time steps—mnot hold here?
After all, clipping Hy;.; such that it never exceeds the IS estimate, II;;11.4.;, would be

expected to simply incur bias in the return estimation.
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The answer appears to be closely related to the recency heuristic. Incidentally, Condi-
tion 6.1 is the perfect off-policy analog of the weak recency heuristic (recall Definition 4.1):
it implies that the eligibility of each TD error is nonincreasing on average. If, on aver-
age, the condition is violated for any transition, then the return estimate assigns a negative
weight to that n-step return. This increases the contraction modulus of the return as de-
scribed in Section 4.3, equivalent to increasing || Z]| in Counterexample 6.9, and potentially
pushes it to the point of divergence. However, the analysis in Section 4.3 also reveals that
the weak recency heuristic can sometimes be violated without increasing the contraction
modulus above 1, still allowing the operator to converge to q.. I therefore conclude that
Condition 6.1 is sufficient but not necessary for M to converge to its fixed point.

As my next counterexample example demonstrates, violating Condition 6.1 can produce

non-contractive updates even in on-policy problems.

Counterexample 6.10 (On-Policy Binary Traces). Assume the MDP has one state s and
two actions {ay,as}. Define a trajectory-aware method such that Hyy; = 1 if Ayyy = a1 and
Hiyvi = 0 if Ay = ao (without loss of generality). Assume 7 and b are uniform random.

When v > 2, then || Z| > 1.

I provide details in Appendix B.2.2. Even though H;,,; < Il;;14+.; = 1 always holds, non-
contraction occurs. This binary method either does or does not reinforce each on-policy
TD error, producing a sparse backup comprising multiple time-delayed pulses like the one
from Counterexample 4.3. In this instance, the ability to examine each trajectory allows
the method to strategically de-emphasize certain state-action pairs, ultimately producing
a detrimental effect on learning. Notice that Condition 6.1 is indeed violated in this case
because there is always some chance that Hy;; = 1 after H;,; 1 = 0. If I add the restriction
that Hyy; 1 = 0 = H;;y; = 0, ie., traces are permanently cut, then convergence is

reestablished by Theorem 6.4.

6.5 Recency-Bounded Importance Sampling

Theorem 6.4 guarantees convergence to g, whenever Condition 6.1 holds, but I do not expect
that all choices of coefficients that satisfy this condition will perform well in practice. At

one extreme, if H;, ; < \! szt 41 min(1, p;) for every sub-trajectory .y, then the method
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cuts coefficients more aggressively than Retrace does; it seems unlikely that such a method
would learn faster than Retrace, or other per-decision methods. At the other extreme, when
Hyyri = 1y 144, for every Fiuyy, the standard IS estimator is recovered, which suffers from
high variance and is often ineffectual. It is therefore possible to have a method that preserves
traces too much, to the point of being detrimental. Thus, it is important to maintain some
minimum efficiency by avoiding unnecessary cuts, yet equally important to control the overall
variance of the traces.

Intuitively, I want something that falls between Retrace and IS in terms of trace cutting,
in order to quickly propagate credit while still managing the variance. I further hypothesize
that effective trajectory-aware methods will first compute Hy;y; 1 - pryi—i-e., the maximum
trace permitted by Condition 6.1—and then apply some transformation that limits its mag-
nitude to reduce variance. This ensures that traces are cut only as needed.

I propose one method, Recency-Bounded Importance Sampling (RBIS), which achieves
this by cutting the traces only when they exceed an exponentially decaying threshold. Specif-
ically, I define

Hyyys = min(\ Hypioq - pryi) - (RBIS)

It is easy to see that RBIS always converges, by construction.
Proposition 6.11. RBIS satisfies Condition 6.1.
Proof. Hyypi = min(X', Hypio1 - pryi) < Hepio1 - P O

For further insight, I unroll the recursion to obtain

min()\i, Hyyi1 - prys) = min ()\iu min()\ifly Hifio - pryi-1) - pt+i>

= min (Aia AN oy AT pric1 P - Ht—l—l:t—i—i) : (6.9)

RBIS effectively takes the minimum of all past, discounted n-step IS estimates. This reveals

another property of RBIS: its traces are never less than those of Retrace, because

t4i t4i thi
N H min(1, p;) < H min(\, p;) < A°F H pj, Vke{0,1,...,i}.
j=t+1 j=t41 j=ttitl—k
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Figure 6.2: The Bifurcated Gridworld environment. The choice made at B greatly impacts
the discounted return ultimately earned. The AUCs obtained by four off-policy methods are
plotted across the A-spectrum. The results are averaged over 1,000 trials with 95% confidence
intervals shaded. The dashed lines mark the highest AUC achieved by each method.

Since the inequality is true for all k£, Retrace’s traces never exceed any of the arguments
to the min function in Eq. (6.9). This achieves a method that falls somewhere between
Retrace and IS in regard to trace cutting. This does not automatically mean that RBIS
will outperform Retrace, since preserving the magnitude of the trace too much can lead to
high variance. However, I do expect RBIS to perform well in decision-making problems in
which a few critical actions largely determine the long-term outcome of an episode. In such
scenarios, the agent’s bottleneck to learning is its ability to assign meaningful credit to these
critical actions over a potentially long time horizon.

In order to test this empirically, I construct an environment called the Bifurcated Grid-
world (see Figure 6.2). This 5 x 5 deterministic gridworld has walls arranged such that two
unequal-length paths from the start (S) to the goal (G) are available. The agent may move
up, down, left, or right; taking any of these actions in the goal yields a reward of +1 and
terminates the episode. The problem is discounted (v = 0.9) to encourage the agent to learn
the shorter path. Importantly, the action taken at the bifurcation (B) solely determines
which path the agent follows, and quickly assigning credit to this state is paramount to

solving the task.
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I compare RBIS against Retrace, Truncated IS, and Recursive Retrace when learning this
task from off-policy data. Both behavior and target policies are e-greedy with respect to the
action-value function, (). The target policy uses € = 0.1. The behavior policy uses a piecewise
schedule: € =1 for the first 5 episodes and then € = 0.2 afterwards. The agents learn from
online TD updates with tabular eligibility traces (see Appendix B.3 for pseudocode). The
policies are updated only at the end of each episode, and then the discounted return obtained
by a near-greedy policy (¢ = 0.05) is evaluated. The area under the curve (AUC) of each
resulting learning curve is calculated, with the highest AUC achieved over a grid search
of step sizes being plotted for each A-value in Figure 6.2. I average the results over 1,000
independent trials and indicate the 95% confidence intervals by the shaded regions. In
Appendix B.4, I repeat the experiment for three more gridworld topologies; the obtained
results are qualitatively similar to Figure 6.2.

I make several observations regarding the results in Figure 6.2. First, the peak perfor-
mance obtained by RBIS is significantly higher than that of the other three methods. This is
notable because both Truncated IS and Recursive Retrace are also trajectory aware, indicat-
ing that different implementations of trajectory awareness are beneficial to varying degrees.
In particular, the preservation of long-term eligibilities is not sufficient on its own to guaran-
tee strong performance in general, as it appears that when and how much the traces are cut
are important considerations as well. The role of A\ as a decay hyperparameter is evidently
critical for all methods to achieve their maximum performance, since A\ = 1 never leads to
the fastest learning. In fact, A — 1 is catastrophic for Truncated IS, which may be related
to the divergence issue identified in Section 6.4. Finally, Retrace degrades less for larger
A, likely because it cuts traces more. Developing a trajectory-aware method that matches
the robustness of RBIS but also performs better with large A-values would be interesting for

future work.

6.6 Discussion

In this chapter, I extended theory for per-decision off-policy estimators to trajectory-aware
estimators. This extension allowed me to consider a broader family of algorithms, with more

flexibility in obtaining off-policy corrections. Specifically, I introduced the trajectory-aware
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operator M as a strict generalization of the per-decision operator from Munos et al. (2016)
and proved a sufficient condition to ensure convergence. With this, I established the first
convergence guarantees for an existing trajectory-aware method, Recursive Retrace, in the
control setting. I also showed that Truncated IS sometimes violates the condition, and I
provided a counterexample showing that it can potentially diverge.

I also proposed a new trajectory-aware method, RBIS, that demonstrates one instance of
how trajectory awareness can be utilized for faster learning in off-policy control tasks. RBIS
is able to outperform the other trajectory-aware methods that I tested in the Bifurcated
Gridworld, suggesting that it possesses at least one unique property that is beneficial for long-
term off-policy credit assignment. It would be interesting to search for additional beneficial
properties in future work, in order to better characterize off-policy methods that reliably
lead to efficient and stable learning in challenging RL environments.

I focused on convergence in expectation. A natural next step is to extend this theory to
the stochastic-approximation algorithms used in practice. Previous results for TD learning
rely primarily on the properties of the expected update, with additional conditions on the
noise in the update and appropriately annealed step sizes (e.g., see Bertsekas and Tsitsiklis,
1996, Section 4.3). Similar analysis should be applicable, given that the trajectory-aware
operator is a contraction mapping when Condition 6.1 is met.

Finally, another important direction is extending these methods to function approxima-
tion. The trajectory-based replay techniques described in Chapter 5 are particularly ideal

for incorporating trajectory-aware methods into deep RL with experience replay.
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Chapter 7

Discussions and Future Work

The thesis statement of this document was that

Compound returns, especially A\-returns, can be efficiently implemented
in deep RL with experience replay to improve the bias-variance trade-

off and increase sample efficiency in complex environments.

I summarize my contributions in relation to this statement in Section 7.1 and offer a number

of promising directions for future research in Section 7.2. I conclude this thesis in Section 7.3.

7.1 Summary of Contributions

I started by explaining how the rise of deep RL and experience replay has led to a paradigm
shift in temporal credit assignment. In particular, the randomized minibatches needed to
successfully train the neural networks is incompatible with classic, backward-view eligibility
traces. Instead, the forward view—once a purely theoretical analysis technique—has become
the principal way to achieve multistep credit assignment in deep RL. Due to the high compu-
tational cost of bootstrapping with a neural network, A\-returns and other compound returns
are uncommon in deep RL. Many existing deep RL agents instead settle for 1-step or n-step
returns, but these lose nice credit-assignment properties associated with more sophisticated
return estimators.

In Chapters 3 and 4, I developed new theory for compound returns to motivate them
over n-step returns. Under some simplifying assumptions, I proved that all compound re-

turns have a variance-reduction property (Counterexample 3.3 showed that the variances
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of multistep returns cannot be well-ordered in arbitrary MDPs without assumptions.) Ad-
ditionally, long-tailed estimators like A-returns assign credit over a larger effective horizon
without adversely affecting the bias-variance trade-off. These two effects lead to higher sam-
ple efficiency in practice. For a long time, n-step returns and A-returns were thought to be
different but equivalent ways of balancing the bias-variance trade-off in RL. My theory, to
the contrary, suggests that the precise construction of the return estimator has, in actuality,
a large impact on how well the trade-off is satisfied.

In Chapter 5, I addressed how to efficiently implement compound returns in deep RL—
with a particular focus on sequential A-returns. Naive minibatch replay is impractical due
to computational cost. Trajectory replay, while more feasible and already used in deep RL,
still has drawbacks in terms of return truncation and sample correlations. I proposed an
algorithm called cached-trajectory replay which mostly alleviates these three problems. My
DQN()\) algorithm, using cached-trajectory replay, is competitive with n-step DQN when
playing Atari 2600 games.

In Chapter 6, I leveraged a unique opportunity presented by experience replay: computing
multistep returns that are not implementable with eligibility traces and function approxima-
tion. Focusing on off-policy learning, I introduced trajectory-aware returns (a strict general-
ization of per-decision returns) and established their convergence properties. I showed that
trajectory-aware methods generate more efficient off-policy corrections by considering multi-
ple experiences jointly. Finally, I proposed a trajectory-aware algorithm, Recency-Bounded
Importance Sampling (RBIS), which surpasses the performance of leading off-policy methods.

Collectively, the techniques developed in this thesis provide several alternatives for ef-
ficient multistep credit assignment in deep RL and experience replay. My theory and ex-
periments provide strong support for their positive impact on the bias-variance trade-off
and sample efficiency—direct outcomes of addressing temporal credit assignment more effec-
tively. Next, I discuss further areas of improvement which I believe will lead to interesting

research outcomes.
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7.2 Future Directions

In this section, I discuss directions for future work: some previously mentioned and some
new ones. [ also discuss a recent line of work (partially my own) which tries to reconcile
deep RL with backward-view eligibility traces (see Section 7.2.4), in contrast to the main

approach of this thesis based on forward-view returns with experience replay.

7.2.1 Variance of Return Estimators

At the end of Section 3.2, I briefly mentioned a fascinating problem: finding the minimum-
variance weights for a compound return under Assumptions 3.1 and 3.2. In my com-
pound variance model (Prop. 3.6), only the left term impacts the variance-reduction prop-
erty, because the right term is a constant for any return with a fixed contraction mod-
ulus 5 (this latter part can be seen at the end of the proof of Prop. 4.7). This implies
that finding TD-error weights (h;)°, that minimize » ;- (7'h;)?, subject to the constraint
S ooeo lhi — hipa |y = B, will also minimize the variance. The shape of this curve poses an
optimization problem which may be solvable, for example, by using the calculus of variations.
It would then be interesting to see if the solution corresponds to a known compound return
or a new one, and if it can be efficiently implemented in algorithms. I conjecture that the
solution will be exponential, meaning that A\-returns theoretically optimize the bias-variance
trade-off under Assumptions 3.1 and 3.2, but I have not formally investigated this.

The variance-reduction property is a key result in my thesis, as it provides a compelling
reason to prefer compound returns over n-step returns. Although the uniformity assumptions
(Assumptions 3.1 and 3.2) I made to derive this property are a significant improvement over
past work that modeled variance in RL (see Appendix A.1), they are still stringent in the
sense that a randomly sampled MDP will almost never satisfy them. Appendix A.2 contains
experiments that show these assumptions do approximately hold in practice; along with
the empirical results in Chapter 3, this suggests that compound returns often do improve
sample efficiency by reducing variance. On the other hand, Counterexample 3.3 shows that
the variance-reduction property does not apply to all MDPs. It would therefore be useful to
characterize general conditions for when the variance-reduction property holds, for example

by bounding the range of permissible TD-error variances instead of assuming uniform values.
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A related and interesting question is whether averaging many n-step returns together re-
duces variance more than averaging few (e.g., A\-returns versus two-bootstrap returns). My
proof of the variance-reduction property in Theorem 3.8 makes use of Jensen’s inequality to
show variance reduction for all possible weighted averages, but consequently it is not infor-
mative in terms of how much the variance is reduced. Although it is possible to bound the
variance reduction of specific types of compound returns (like I did for A-returns in Corol-
lary 3.9) and then compare them, a general result would be much more powerful. The key
innovation here would be some stronger analysis, perhaps based on concentration inequalities
or the like, that could quantify the specific degree of variance reduction. As before, this re-
sult would be highly dependent on the variance assumptions (otherwise Counterexample 3.3

comes into play again), and so these must be chosen judiciously.

7.2.2 Convergence of TD Methods

An open question from Chapter 6 is the online convergence of trajectory-aware methods
with eligibility traces, mirroring the algorithms tested experimentally in Section 6.5. Given
that the trajectory-aware operator is a contraction mapping whenever Condition 6.1 holds,
it is likely that the same condition will permit online convergence in the tabular setting. A
good approach would likely be to adapt the proof of Prop. 5.2 from Bertsekas and Tsitsiklis
(1996) regarding the convergence of online TD(A). The main concern would be to show
the eligibility traces are always finite, which is likely guaranteed under Condition 6.1 for
discounted continuing problems as well as undiscounted episodic problems. The case of
undiscounted continuing problems is less certain if A = 1.

Counterexample 4.3 indicates a peculiarity of multistep TD learning. Nonmonotonic
credit assignment like that suggested by Klopf (1972) is not conducive to learning and causes
divergence in benign on-policy tabular settings. This indicates that the familiar TD error
is not an absolute error signal which can be integrated arbitrarily over time, but instead a
relative one which hinges on the telescopic behavior of temporally adjacent TD errors. Does
this possibly suggest that there is an alternative error signal which would be a more accurate
and useful analog of a secondary reinforcer in trial-and-error learning agents? Interestingly,
the n-step error in Eq. (2.6) has the property that it can be integrated arbitrarily and still

produce a convergent update (as long as the area under the curve is equal to 1, i.e., a weighted
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average). However, this would merely be equivalent to a compound return and would not
offer any new properties beyond what has already been discussed in this thesis. Are there
alternative models of learning which would offer better properties? These questions tug
deeply at the fabric of TD learning, but unfortunately I have no satisfying answers to them

at this time.

7.2.3 Compound Returns for Deep RL

I proposed two main ways to implement variance-reducing compound returns in deep RL
with experience replay. The first was to combine naive minibatch replay with two-bootstrap
returns; this has the benefit of being computationally efficient and requiring minimal changes
to existing deep RL training loops, but did not necessary deliver the full benefits of more com-
plex returns like A\-returns. The second was to utilize cached-trajectory replay for A-returns.
These ideas were developed several years apart, and I never conducted experiments directly
comparing them. To make proper comparisons between these different algorithms, Prop. 3.7
would ideally be used to find hyperparameters that achieve the same effective n-step for all
tested return estimators. For instance, to make proper comparisons against 3-step DQN in
Atari 2600 games (recall Section 5.4), one should test DQN(A) with A ~ 0.67 (Prop. 3.12
would give the exact value) and Pilar with ny = 1, ng = 6, and ¢ = 0.406 (based on
Table A.1). Given the beneficial properties of A-returns outlined in Chapters 3 and 4, I sus-
pect that DQN(A) would perform the best. It may be the case, however, that cache blocks
of greater length, and in greater numbers, are needed to sufficiently mitigate the sample
correlations and observe performance gains.

A natural algorithmic combination for multistep off-policy credit assignment would be
trajectory-aware returns and cached-trajectory replay. The fixed-length trajectories that
compose the replay cache are ideal for making trajectory-aware off-policy adjustments that
are not feasible with eligibility traces. In fact, this possibility was my original motivation
for pursuing trajectory-aware estimators and developing RBIS. Unfortunately, I never im-
plemented and tested trajectory-aware methods at scale in deep RL.

Finally, there is the matter of adaptive strategies for selecting n or A (e.g., White and
White, 2016). These were not directly discussed in this thesis, but some of their convergence

properties were established in Chapter 6. The appeal of these methods is to eliminate the bur-
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den of hyperparameter tuning and to enhance generality across varying environments. How-
ever, adaptive strategies must be cautiously approached. Unless they can be sensibly derived
from first principles, they can be more brittle than non-adaptive methods by introducing
extra latent hyperparameters in the form of schedules or other decision criteria. In my own

experience, I have found the pursuit of robust, fixed-value methods to be more productive.

7.2.4 Deep RL with Eligibility Traces

I have described several ways to efficiently learn from multistep returns in deep RL, as-
suming that randomized experience replay is unavoidable for training. Indeed, minibatched
experience replay does appear to be the best currently known training technique for deep
RL. However, it comes with a number of disadvantages that are rarely addressed: a long
delay between experience collection and learning, exorbitant memory consumption, and high
computational cost.

In contrast, the incremental® training style commonly associated with classic TD meth-
ods and eligibility traces, where each experience is processed exactly once, is much more
efficient in terms of computation and memory. From a purely theoretical view, there is also
great interest in developing stable incremental methods that can learn complex representa-
tions from a continuous stream of perceptual experiences like humans do. Relatedly, the way
in which modern deep RL methods store millions of high-fidelity observations and then re-
play them in a random order is rather biologically implausible. Thus, for both practical and
scientific reasons, there is growing interest in reviving incremental RL for neural networks.

Unfortunately, incremental training is challenging to combine successfully with neural
networks in practice. Despite the appeal of incremental training, minibatching seems to
be important for achieving good practical performance with deep RL—at least with our
current understanding. When DQN was first published, an ablation study for five games
was included to highlight the benefit of experience replay (see Mnih et al., 2015, Extended
Data Table 3). However, it is notable that the replay-free baselines could still learn somewhat

decent policies for these games. This indicates that experience replay is not strictly necessary

20More recently, particularly in the deep RL setting, this training style has started to become known
as streaming RL (Elsayed et al., 2024). Both terms are descriptive, but I use incremental to align with
the traditional nomenclature (e.g., Sutton and Barto, 2018, Sec. 2.4) and to emphasize the cumulative,
constructive nature of the sequential learning updates.
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for deep RL, although it does help greatly. In any case, the massive success of DQN steered
research attention away from pursuing incremental training further.

Some later papers (e.g., Mousavi et al., 2017; Young and Tian, 2019; van Hasselt et al.,
2021) also included replay-free versions of DQN as baselines in their experiments—essentially
just Q(0) or Q(A) with neural networks. These experiments have generally shown that
incremental algorithms can technically learn to play MinAtar or Atari games, but still not
particularly well compared to DQN. This confirms that experience replay is important for
sample efficiency, but not an absolute requirement for learning.

Incremental prediction also seems to be easier than incremental control. For instance,
Javed et al. (2023) trained modified recurrent neural networks using TD()) to accurately
estimate the returns obtained by pretrained policies in Atari 2600. This suggests that certain
issues unique to off-policy control, such as distributional changes or the action-value func-
tion’s parameterization, could be partly to blame for sample inefficiency in Q(A) methods.

Recent work has found that various types of normalization can aid incremental training.
There is growing evidence that in-network normalization like Batch Normalization (Ioffe
and Szegedy, 2015) can stabilize deep RL without using target networks (e.g., Bhatt et al.,
2024). Furthermore, recent works (Vasan et al., 2024; Elsayed et al., 2024) have combined
other forms of normalization, including Layer Normalization (Ba et al., 2016), to successfully
train incremental RL agents without target networks or experience replay. These prelimi-
nary results are encouraging, but it remains unclear how competitive these new incremental
methods are against existing strong deep RL baselines, which could potentially benefit from
normalization as well. Ultimately, although normalization appears to make learning easier
in general, it is unlikely to fully address the root causes of instability in incremental training.

In work conducted concurrently with the writing of this thesis, my co-authors and I have
developed QRC(A) (Elelimy et al., 2025), an eligibility-trace algorithm that builds upon a
long line of work on Gradient TD methods (Sutton et al., 2008, 2009; Ghiassian et al., 2020;
Patterson et al., 2022). Gradient TD methods leverage the properties of stochastic gradient
descent to remain convergent under off-policy sampling and function approximation, un-
like classic (semi-gradient) TD methods which may diverge (see Baird, 1995; Tsitsiklis and
Van Roy, 1997). When tested with the same normalized training setup proposed by El-
sayed et al. (2024), QRC(\) significantly improves performance compared to semi-gradient
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baselines. However, just like normalization, enhanced off-policy stability alone is unlikely to
resolve the core issues of incremental training. After all, replay algorithms like DQN face
off-policy instability too, so this problem is not unique to the incremental setting.

Overall, there is more progress being made toward incremental deep RL methods than
ever before. However, I expect that a truly incremental deep RL agent—one which learns
steadily and reliably from a continuous stream of experiences—is still far away. Part of the
immense difficulty of this problem is that it remains rather unclear why incremental learning
is hard and why experience replay is so effective. Pinpointing the exact answers to both
questions is essential to making progress.

For the foreseeable future, I expect minibatched experience replay to continue to prevail;
it is sample-efficient, stable, low-variance, and easy to parallelize. Furthermore, even if a
high-performance incremental method is eventually developed, it presumably could utilize
some form of episodic replay to further increase its sample efficiency. I therefore expect
experience replay will remain relevant for a long time. However, pure incremental learning
is a tantalizing pursuit, and there will likely be interesting algorithmic developments in the
coming years. Maybe, after all, incremental training will ultimately prove to be more efficient

than experience replay in the long run, once RL is better understood.

7.3 Conclusion

Multistep credit assignment in deep RL has been relatively underexplored. With this thesis,
I have tried to offer a cohesive and concise collection of efficient techniques for experience
replay, with strong supporting theory and experiments. Others have also done great work in
this area and I have attempted to acknowledge them wherever possible. There remain many
interesting avenues for new research to pursue: with experience replay, eligibility traces, or
completely new modes of learning.

I chose to focus this thesis on experience replay because, more than 10 years since the
landmark DQN algorithm, it remains the most effective way to train neural networks for
RL. At the same time, it is important not to get stuck in old ways of thinking. Machine
learning is a fast-moving field; algorithms that are convenient for today’s hardware or perform

well on today’s benchmarks lead us into a tempting local optimum which ultimately may
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not stand the test of time. Above all else, general principles of learning and intelligence
must be pursued—independently of the modern specifics of function approximation and
backpropagation. Continued progress toward the development of real AI requires us to

constantly question conventions and ingrained views—especially our own.
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Appendix A

Variance Reduction via Averaging
n-step Returns

A.1 Variance Assumptions

Assumptions 3.1 and 3.2 are a significant relaxation and generalization of the assumptions
made by the n-step variance model of Konidaris et al. (2011, Sec. 3). I show this by starting
from their original assumptions and describing the steps taken to obtain my new assumptions.

Konidaris et al. begin by expanding the variance of an n-step return in the following way:
Var[G\" | 5]
= Var[G{" ™V + 7" Gpn1 | S
= Var[G"™V | 8] + ¥ DVar[0psn_i | S +2 Cov[G" Y, " 6 | S (AD)
The covariance term is equivalent to
Cov[Gy" ™, 7" b | 8] = CovlG" Y, G = 6" | 5]
= Cov[G"™Y, G | 8] — Cov[G"Y, GV | 8y
= Cov[G\"Y, G | 8] — Var[GI" Y | 8] (A.2)

With the rationale that G\" ™" and G{™ are generated from the same trajectory and therefore

highly correlated, Konidaris et al. assume that
CovG" ™V, G | S = Var[G" ™V | 8], (A.3)
which makes Eq. (A.2) approximately zero. Consequently, Eq. (A.1) becomes

Var[G™ | S)] = Var[G" ™V | 8] + 42" DVar[d 1 | S (A.4)
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The authors additionally assume that the variance of each TD error is the same, which is

the same as Assumption 3.1.

Assumption 3.1 (Uniform TD-error variance). Var[d;y; | S¢] = k, ¥V i > 0.

Hence, Eq. (A. 4) becomes Var[G\"” | 8] ~ Var[G"" ™ | S] + 42D Since k =
Var[o; | S¢] = Var[ | St], unrolling the recursion gives the final n-step variance model:
n—1
Var[Gi” | S = 7%k (A.5)
i=0

This completes the derivation from Konidaris et al. (2011, Sec. 3), where the two major
assumptions are Eq. (A.3) and Assumption 3.1.

Notice, however, that Eq. (A.5) could be obtained more simply by assuming that TD
errors are uncorrelated—in fact, this is equivalent to assuming Eq. (A.3) holds. One way to
see this is by decomposing the n-step return into a sum of TD errors and applying standard

variance rules, assuming no correlations between the random variables:

n—1 n—1
Z’Y Ot 1 St] = ny%\/ar[(StH | Si] = Z’Y%fia
i=0

i=0
which is identical to Eq. (A.5). In my work, I directly make this uniform-correlation as-

Var[G\" | 5] = Var[G" =V (S,) | 5] = Var

sumption, while generalizing it with an arbitrary correlation coefficient, p € [0,1]. This
gives me Assumption 3.2. Note that p > 0 because an infinite number of TD errors cannot

be negatively correlated simultaneously.
Assumption 3.2 (Uniform TD-error correlation). Corr([di4s, 0t | Si] = p, Vi >0,V j #i.

To summarize, my variance model makes Assumptions 3.1 and 3.2, which are equivalent
to the assumptions made by Konidaris et al. (2011) when p = 0. Since Var[d;; | Si| =
Cov([01i, 0145 | Si], T am able to combine Assumptions 3.1 and 3.2 into a single, concise
expression—recall Eq. (3.3).

Although the assumptions here may not always hold in practice, they would be difficult
to improve without invoking information about the MDP’s transition function or reward
function. I show in Appendix A.2 that my derived variances based on these assumptions are

nevertheless consistent with empirical data in real environments.

109



A.2 How Realistic Is the Proposed Variance Model?

My assumptions state that all TD errors have uniform variance and are equally correlated
to one another. Since these assumptions may be violated in practice, it is informative to
test how well my n-step variance model (Prop. 3.4) compares to the true n-step variances in
several examples.

I consider three environments: the 19-state random walk from Section 3.4, a 4 x 3
gridworld (Russell and Norvig, 2009, Fig. 17.1), and a 10 x 8 gridworld (Sutton and Barto,
2018, Fig. 7.4). I choose these environments because they have known dynamics and are
small enough to exactly calculate v, with dynamic programming. The two gridworlds are
made to be stochastic because each of the four moves (up, down, left, right) succeeds with
only probability 80%; otherwise, the move is rotated by 90 degrees in either direction with
probability 10% each. 1 let the agent execute a uniform-random behavior policy for all
environments.

To make the results agnostic to any particular learning algorithm, I use v, to compute
the TD errors. I apply a discount factor of v = 0.99 to the 10 x 8 gridworld (otherwise
v(s) would be constant for all s € S due to the single nonzero reward) and leave the
other two environments undiscounted. I then measure the variance of the n-step returns
originating from the initial state of each environment, for n € {1,...,21}. Figure A.1 shows
these variances plotted as a function of n and averaged over 10,000 episodes. The best-case
(optimistic, p = 0) and worst-case (pessimistic, p = 1) variances predicted by the n-step
model, assuming that x = Var[dy | Sy, are also indicated by dashed lines.

For all of the environments, the measured n-step variances always remain within the
lower and upper bounds predicted by Prop. 3.4. These results show that my n-step variance
model can still make useful variance predictions even when my assumptions do not hold. The
variances grow roughly linearly as a function of n, corresponding more closely to the linear
behavior of the optimistic, uncorrelated case than the quadratic behavior of the pessimistic,
maximally correlated case. This further suggests that the majority of TD-error pairs are
weakly correlated in practice, which makes sense because temporally distant pairs are unlikely

to be strongly related.

110



4 x 3 Gridworld 10 x 8 Gridworld ,

19-State Random Walk
0.251 ; 0.51 0.10
0.20 0.08
g 0.151 0.061
c
.©
_
L 0.10 0.041
0.05 0.02
0.00 : ‘ ; ‘ 0.0£ ; ‘ ‘ ‘ e ——— ‘
1 6 11 16 21 1 6 11 16 21 1 6 11 16 21
n-step n-step n-step

Figure A.1:  Variances of the n-step returns originating from the initial state in three
environments. The solid green line indicates the true variance while the dashed black lines
indicate the lower and upper bounds predicted by my n-step variance model (Prop. 3.4).

A.3 Proofs

In this section, I include all proofs that were omitted from Chapter 3 for clarity.

A.3.1 Proof of Lemma 3.5

Lemma 3.5. Any compound error can be written as a weighted sum of TD errors:

Gy —V(S;) = Z V' hibiri, where h; == Z Cr -
=0 n=i+1

Proof. 1T decompose the compound error into a weighted average of n-step errors, and then

decompose those n-step errors into weighted sums of TD errors using Eq. (2.6):

Gf = V() = (i anE’”) ~V(S)

n=1

which completes the lemma. O



A.3.2 Proof of Corollary 3.9

Corollary 3.9 (Variance reduction of A-return). Under Assumptions 3.1 and 3.2, for all

v € [0, 1], the magnitude of variance reduction for a A-return is bounded such that

A

0 < Var[G™ | S, — Var[G) | Si] < (1 — ATk

Proof. First, the left-hand side of the inequality follows immediately from Theorem 3.8. For

the right-hand side, I make the observation that, for any compound return,

co n—1 00
; L=t _1-¥Een _1-0

This allows me to rewrite the compound variance model in Prop. 3.6 as

Var[GS | S]] = (1—p 272’h2/<+p227”]hh/€— (1—p 272’h2/<+p( 5)

=0 5=0 -7
The second term is identical for all returns with a fixed contraction modulus 3, as is assumed
in Theorem 3.8. Thus, by subtracting the variance of both returns, I get the following

expression for variance reduction (positive means more variance reduction):

Var[Gy"” | 8] — Var[G¢ | Sy = (1 - p) (B@)—Z%ihi)n

This reveals that the variance reduction of a compound return is proportional to 1 — p,
affirming the result of Theorem 3.8 that variance reduction occurs whenever p < 1. Addi-
tionally, this variance reduction is proportional to the critical quantity T'o(n) — > oo v*"hZ,
a function of the weights in the compound return. Substituting the weights for a A-return,

this critical quantity becomes
1

L —(yA)?

This gap is monotonically increasing in v and attains its maximum value as v — 1, i.e., the

Ih(n) —

maximum-variance case of undiscounted rewards.?! Taking the limit as v — 1 makes the

possible variance reduction proportional to

1 1 1 A
n — = — =
I1—X2 1—-X 1-X2 1-—)2’
21To see this, make the substitution A = (1 —~""1) /(1 —~") from Prop. 3.12 (because the effective n-step
is the same) and analyze the behavior as v — 1.
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where the identity n = 1 /(1 —\) comes from Prop. 3.12, the effective n-step of the A-return.
This gives the final upper bound:

A

VarlGyV | 8] = VarlG} | S < (1-p)1—3

R Y
which completes the inequality. 0

A.3.3 Finite-Time Analysis (Proof of Theorem 3.10)

In this section, I prove Theorem 3.10 to establish a finite-time bound on the performance of
multistep TD learning. I derive the bound in terms of the return’s contraction modulus and
variance, allowing me to invoke Theorem 3.8 and show an improved convergence rate.

At each iteration, compound TD learning updates the current parameters w, € R
according to

Wiy = Wy + Oétgf(wt) ) (A~6)

where gf(w) = (G¢ — z]w)z; and G¢ is a compound return (or an n-step return). A value-
function estimate for any state s is obtained by evaluating the dot product of the parameters
and the state’s corresponding feature vector. Following Bhandari et al. (2018), I assume that
| X (s)||5 <1,V s €S8. This can be guaranteed in practice by normalizing the features, and
is therefore not a strong assumption.

In the prediction setting, the agent’s behavior policy is fixed such that the MDP can be
cast as an MRP, where r(s, s") denotes the expected reward earned when transitioning from
state s to state s’. I adopt the i.i.d. state model from Bhandari et al. (2018, Sec. 3) and

generalize it for multistep TD updates.

Assumption A.1 (i.i.d. state model). Assume the MRP under the policy m is ergodic.
Let d € RISI be the MRP’s unique stationary distribution. Each iteration of Eq. (A.6) is
calculated by first sampling a random initial state Sy ~ d(-) and then sampling a trajectory

of subsequent states Sy;1 ~ Pr(-| S;), Vi >0.

That is, a state S;¢ sampled from the steady-state MRP forms the root node for the
following trajectory, Si 1, St 2, . . ., that is generated according to the MRP transition function.

Notably, this setting parallels the experience-replay setting utilized by deep RL agents.
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To facilitate my analysis, I decompose the compound TD updates into weighted averages

of n-step TD updates, where each n-step update has the form

g (w) = (ng) — a:Iw) x; .

This allows me to conveniently express a compound TD update as

Z Cngt

n=1
My proofs also make use of the expected n-step TD update:
Z Z d(so) Pr(7 | so) ( ") (50, T, W) — z(so) w) x(so)
s0€S TESN1
where (s1,5,...) = 7 and G™(sg, 7, w) = (80, 51) + -+ + 7" (8n_1, 5n) + V"x(5,) w is
the n-step return generated from (s, 7).
For brevity, let R; :=r(S:;,Sti+1) and @; = x(S;;) be random variables sampled ac-

cording to Assumption A.1. I more conveniently write the expected n-step TD update as
7" (w) = Elzg(Ry + YR + -+ 7" 'Ry1)] + E[zo(y" @0 — :BO)T} w. (A7)

The expected compound TD update easily follows as the weighted average
7°(w) =Y g (w).
n=1

Finally, let w* be the fixed point of the compound TD update: i.e., g¢(w*) = 0. This fixed
point always exists and is unique because the projected Bellman operator is a contraction
mapping (Tsitsiklis and Van Roy, 1997), and therefore so is any weighted average of the
n-iterated operators.

Before I prove Theorem 3.10, I must introduce two lemmas. The first establishes a lower

bound on the angle between the expected TD update and the direction toward the fixed point.

Lemma A.2. Define the diagonal matriz D = diag(d). For any w € R,
(w* —w) g*(w) > (1 = §)||vwr — vullpy -

Proof. Let & = vy (Sii) — v (Sii) = (w* — w)'x; for i > 0. By stationarity, each & is a
correlated random variable with the same marginal distribution. Because S is drawn from

the stationary distribution, I have E[6?] = ||[Vwr — Vu |3
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From Eq. (A.7), I show

o0

§°(w) = g°(w) — g°(w") = Y cB[xo(7" @0 — o) (w — w")]

n=1
n=1

It follows that

(w* — w)'g%(w) =Y _ eaBlo(S0 — 7"60)]

—E[¢] = car"Elo&n]
> (1 - ch'y”> E[&]

The inequality uses the Cauchy-Schwarz inequality along with the fact that every &; has the
same marginal distribution: thus, E[§,&;] < +/E[&3]\/E[E2] = E[€2]. O

The next lemma establishes a bound on the second moment of the squared norm of the TD

update in terms of the contraction modulus 8 and the variance o2 of the compound return.

Lemma A.3. Define A* == 7|+ (1+7)|w*|, and C = A* /(1—7). For any w € RNw,

E[llg:(w)l5) < 2(1 = 8)°C? +20° + 4(1 + B)[vwr — vullp -

Proof. Let 6;; = R;+~x,, ,w* — zjw* and note that |4;,| < A* for all i > 0 by the triangle
inequality and the bounded-feature assumption. Denote the n-step and compound errors
constructed from w* by 6™ = S v'0;; and of =Y 07 0™ respectively. I have

n=1

Ellg:(w*) 2] = E[ll57oll;) < E[(57)*] = E[5] +0*, (A.8)

where the inequality follows from the assumption that ||@||> < 1. The absolute value of the

expectation can be bounded using the triangle inequality:

Sporedl

n=1

EL)| =

< Z ¢ Ti(n %A* = (1-p)C. (A.9)
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The identity Y~ ¢,I'1(n) = (1 — ) / (1 —~) comes from Eq. (3.8). Egs. (A.8) and (A.9)
imply
E[llgi(w")ll3] < (1= B)’C*+°. (A.10)

Recall that E[¢?] = ||V — Vw5, for all i > 0. Next, I show

cno(Y T, — o) (w — w*)

W

E[[|g:(w) — g (w*)||2] =E

1

n 2

2

W

=K Cnm[)(é[) - Vngn)

1

3
I

2

§§?£M%%—V@Wﬂ

< il B[ (& —7"60)?)
fgi%mﬁhw%ﬁb
:222%O+7%MMM—UM%

< Qch(l +9")|| Ve — 'Uw”?)

n=1

= 2(1 + B) ||V — Vao |y - (A.11)

The four inequalities respectively follow from Jensen’s inequality, the bounded-feature as-
sumption Hzcoﬂg < 1, the triangle inequality, and the fact that 4*® < ~4". The final equality
comes from the definition of the contraction modulus, . Combining Egs. (A.10) and (A.11)

gives the final result:

E[llg:(w)ll3] < E[([lge(w)l, + lg:(w) — ge(w")]|,)*]
< 2E[||lg(w")]3] + 2E[||ge(w) — ge(w*)[3]
< 2(1— B)*C% + 207 + A(1 + )|V — V|| +

where the second inequality uses the algebraic identity (x + y)? < 222 + 2y2. O

[ am now ready to derive the finite-time bound. I restate Theorem 3.10 and then provide

the proof.
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Theorem 3.10 (Finite-Time Analysis). Suppose TD learning with linear function approxi-
mation is applied under an i.i.d. state model (see Assumption A.1 in Appendiz A.3.3) using
compound return G¢ as its target. Let B be the return’s contraction modulus and let o® > 0
be the return’s variance. Assume that the features are normalized such that || X (s)||2 < 1,
VseS. Define C:=(||r]+ 1+ |w*,)/(1—7), where w* is the minimizer of the
projected Bellman error for G¢. For any T > (4/(1—0))? and a constant step size oo = 1//T,
lw* — wl]3 +2(1 - )*C? 4 20°

(1=BWVT ’

E[l|vw — varlp] <

1 T-1
T 2aut=0 Wt-

where wr =
Proof. TD learning updates the parameters according to Eq. (A.6). Therefore,

lw* —willy = lw” —w, — agi(w)l;

= [Jw" - 'wt||§ — 20 gi(wy) (w* — wy) + 042||9t<w)||§-

Taking the expectation and then applying Lemmas A.2 and A.3 gives

= E[|w" —wi3] — 20 E[gi(w,) (w" —w,)] + a” E[[|g:(w)]3]

= E[[lw" — wil;] — 20 E[E[gi(w) (w" — w,)] [ wi] + > E[E[[|g:(w)|5] | wi]
<E[|w' —w,]?] — (201 — B) — 402(1 + B)) [vwr — vu|l? + 207 (1 — B)2C? + 6?)
< E[lw” —wil5] = a(l = B)|[vw —vaulp +20° (1 = 8)°C* + 0%)

The first inequality is due to Lemmas A.2 and A.3, which are applicable due to the i.i.d.
setting (because the trajectory influencing g, is independent of w;). The second inequality

follows from the assumption that o < (1 — /) / 4. Rearranging the above inequality gives

21w —will; — w* — w5 +20% (1 = B)°C? + 0?)
E[H'Uw* - thHD] <
a(l—p)

Summing over T iterations and then invoking the assumption that « =1/ VT,

o llw* = woll} — [lw* — wg|l} + 202 (1 - B)*C* + 0) T

ZE[H’Uw* _'thHD} = a(l - )

t=0

_ " —wolly + 207 (1 = B)°C* + o) T

B a(l = f)
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lw* — woll3vT +2((1 = B)°C* +0*) VT
1-p '

I therefore conclude that

T-1 2
|w* —wyl|; + 2(1 — B)2C? + 202
E[|vwr = varlp] < = D E[lvw — v lp] < ; ,
el = 72 (1= B)VT

which completes the bound. [

A.3.4 Proof of Prop. 3.11

Proposition 3.11 (TD Solution Quality). Let w* be the minimizer of the projected Bellman
error under linear function approximation for any n-step or compound return with contraction

modulus 3. The following bound always holds:

1
1 Xw" = vl p < = [[Tlvr — x| -

1-p
Proof. 1generalize the bound for the A-return operator given by Tsitsiklis and Van Roy (1997,
Lemma 6). An n-step return or compound return corresponds to the operator 7¢: v
Yoo cxTPv. This operator is a contraction mapping with the given modulus, 5. The TD
procedure in Eq. (A.6) converges to a fixed point, w*, which is the unique solution of the

following projected Bellman equation that is analogous to Eq. (2.4):
e Xw*) = Xw*,

where IT is the linear projection operator from Eq. (2.3). In their proof of Lemma 6, Tsitsiklis
and Van Roy show that IT is nonexpansive with respect to the norm ||-|| 5. Therefore, for

any compound return, it follows that

|Xw" — v, < [|Xw" — T | + [|TTv, — v,
= I8 (Xw") — Mo, |, + [TTv, — vl
< |ITS(Xw") — vl + [T, — v,

< B[ Xw* — vﬂ'”D + [T, — UWHD'

Solving the inequality for || Xw* — v,|| gives the final bound. O
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A.3.5 Proof of Prop. 3.12

Proposition 3.12 (Effective A of n-step return). For anyn > 1 andy < 1, the A-return with
1 — n—1
N i
1 —~an
has the same contraction modulus as the n-step return. For any n > 1 and v = 1, the

A-return with

has the same COM as the n-step return.

Proof. Case « < 1: I substitute ¢, = (1 — A\)A"~! into the weighted average in Eq. (3.5) to

compute the contraction modulus of the A-return:

= n . n—1_n = n— Y 1—-A
> = Y- NN =t - ) St = T
n=1 n=1 n=1

I therefore seek M\ such that

1—~A

in order to equate the A-return’s contraction modulus to that of the given n-step return. I

(1 =) _

multiply both sides of the equation by 1 — v\ and isolate A to complete the case:

YL =A) =7"1—=7A)
L=A=9"" (1=
I—A=7""1—74"\

A= A=4""1 -1

A" =1 =" -1

A=(1—7""1/1=9").

Case v = 1: T use Prop. 3.7 with ¢, = (1 — A)A"! to compute the effective n-step of

the A-return:

(1—)\))\’“’%:(1—)\)2)\’“’1/’{:(1—)\)(1_)\)2 =T

n =

(o] o0
1 1
k=1 k=1

Rearranging the equation n =1/ (1 — \) for A gives the final result of A\ = (n—1) /n. O

119



A.4 Pilar: Piecewise \-Return

I present a basic search algorithm to find the cor-

responding Pilar for a given n-step return (see Al-  Tu1e A 1- n-step returns and Pilars with

gorithm 2). The algorithm accepts the desired ef- equal contraction moduli when v = 0.99.

fective n-step (which does not need to be an inte-

effective
ger necessarily) as its only argument and returns n-step ny Ns c
the values (n1,n2, ¢) such that the two-bootstrap 2 1 4 0.337
return (1 — ¢)G\"™ + ¢ G\™ minimizes the max- 3 1 6 0.406
4 2 7 0.406
imum absolute difference between its cumulative 5 9 9 0.437
weights and those of the A\-return with the same 10 416 0515
20 6 35 0.519
effective n-step. The algorithm proceeds as fol- 25 8 43 0.530
lows. For each n; € {1,...,|n]}, scan through 50 1379 0.640
100 22 147 0.760

ny € {ny + 1,n; + 2,...,} until the error stops
decreasing. Every time a better (nj,ng)-pair is
found, record the values, and return the last recorded values upon termination. The re-
sulting Pilar has the same contraction modulus as the targeted n-step return; thus, their
error-reduction properties are the same, but the Pilar’s variance is lower by Theorem 3.8. To
modify the search algorithm for undiscounted rewards, I just need to change A and ¢ such
that they equate the COMs—rather than the contraction moduli—of the two returns. I also
include this case in Algorithm 2.

I populate Table A.1 with corresponding Pilar values for several common n-step returns
when v = 0.99. A discount factor of v = 0.99 is extremely common in deep RL, and so
it is hoped that this table serves as a convenient reference that helps practitioners avoid

redundant searches with Algorithm 2.
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Algorithm 2 Pilar(n)

1: require n > 1, v € (0,1)
L—9") /(=) ity <1
(n—1)/nify=1

3: best_error <+ oo

2 A=

4: forny =1,...,|n]| do
5: ng < |[n]

6: €rror <— 00

T repeat

8: Ng < Ny + 1

n __ n1 na __ n1 f <1
0 . (V" =™) /("2 — ™) if v

(n—mny)/(ng—mny)ify=1

10: prev__error <— error

11: error <— ERROR(A, ny, ng, ¢)
12: if error < best__error then
13: values < (n1,ng, ¢)

14: best error < error

15: end if

16: until error > prev_ error

17: end for

18: return values

19: function ERROR(A, ny,ng, )

1 ifi<mny

20: Let h; =< ¢ elseif i < no
0 else

21: return max;sg [y'h; — (YA

22: end function

121



Appendix B

Trajectory-Aware Off-Policy
Corrections

B.1 Proofs

This section contains the proofs omitted from Chapter 6.

B.1.1 Proof of Lemma 6.2

Lemma 6.2. q, is a fized point of M. The difference between Mgq and q, is
Mq —q.=Z(q - gx), (6.6)
where Z ==Y v (Hi—1 Pr — H,).

Proof. 1t is evident from Eq. (6.5) that g, is a fixed point of M because T,q, — g, = 0, and
so Mgq, = q,. Therefore,

Mq_qw:Mq_Mqﬂ

=q + Z 7Z,HZ(T7rq - Q) —qr — Z/VZHZ<T7rq7r - QW)
=0

=0
=q—ar+ ) Y Hi(Teq = Trgx) = Y 7' Hilq — qx)
=0 1=0
= Z Vlﬁl(Tﬂq - Tﬂ‘qﬂ’) - Z’}/VHZ(Q - qﬂ‘)

—Z'W“HP q-gx) Zv”Hq a-)

=0
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= (i VH Py — i ’YH) (g —qx)
i=0 i=1
= (i Vi(/Hz‘APn - Hz)) (g — ax)
i=1
=Z(q—q5),
which is the desired result. O

B.1.2 Proof of Lemma 6.3

Lemma 6.3. If Condition 6.1 holds, then Z has nonnegative elements and its row sums

obey Z1 < 7.

Proof. Define the linear operator D; = H; 1 P, —H,; and notice that Z = 221 ~'D;. 1show

that D; comprises only nonnegative elements, and therefore so does Z. For any q € RIS*Al

observe that D;q = H;_1 P,q — H;q and therefore

(DiQ)(S7 a) = Ep | Hptqi1 Z W(a/ ‘ St+i—1) Q(St+i—1a (1/) — Hypi Q(St+i, At+i)

L a’eA

= [ Z (W(a/ | St—l—i—l) Ht:t-l—i—l - b(a’ | St—i—i—l) Ht:t+i> Q(St-l—i—l: a')

La’€A

(Stv At) = (37 (I)]

(Sy, Ay) = (s,a)] .

Since I assumed that Hyy; < Hyyyio1 - pros holds for all transitions in Condition 6.1, I have
mw(a" | Spric1) Hyppior — b(a’ | Sevic1) Hygvs > 0, which implies that D; > 0. Furthermore,
this holds for all ¢ > 1, so Z > 0 follows immediately.

To complete the proof, I show that the row sums of Z are bounded by ~. Recall that

P.1 = 1. Hence,

[
\Q@.
RS
|
=

|
BN
=

_ i,yiﬂ%il . i”yi?{il

i=1

=71+ i'y”l%l — iv"%l

i=1 =1

@
Il
=)
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because H; >0,V i > 1. O

B.1.3 Proof of Theorem 6.5

Theorem 6.5. Consider a sequence of target policies (my)r>0 and a sequence of arbitrary
behavior policies (by)rso0. Let qo be an arbitrary vector in RIS*Al and define the sequence
Qr+1 = Mgiqi, where My, is the operator defined by Eq. (6.7). Assume that (my)k>0 is greedy
in the limit, and let €, > 0 be the smallest constant such that Ty, qr > Tqi — ex||qel|1. If
Condition 6.1 holds for all k, then

€k
IMear = q.ll < vllare — gl + 5 _VquH, (6.8)

and, consequently, lim qi = q,.
k—o0
Proof. 1 first derive the following upper bound:
Trqr —1Tq. = vPrqr —YPEq, < ’YPﬂk(Qk —q.).
From Eq. (6.7) and because C) has nonnegative entries, I deduce that

Mgy — g = (I — Cy)(qr — g:) + C(T5,qx — g.) (B.1)
= - Cy)(gr — q:) + Ci(Tr,qx — T'q..)
< (I = Ci)(gr — ) + YCuPr, (@1 — q.)
= Zi(ar — a:), (B.2)

where Z == I — Cy(I — vP,,). Notice that Z is analogous to the matrix Z in Eq. (6.6)

because, for policies 7, and by,

I-CiI-7P,)=1+)> +yHi(vP,, —1I)
=0

=TI+ i’}/iJrl/HiPWk — ivz?—ll

=0 i=0

= Z”YiHi—lpnk - Z’YiHi
i=1 i=1
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= Z“Yi(%i—lpwk —Hi).
i=1
Next, I derive the following lower bound:
Tq. —Tq. > Tr.qr — Tq. = VPr.(qr — q.) -

Additionally, for each policy m, there exists some ¢ > 0 such that T, qr > T'qr — ex|lqr||1
(recall that I defined € to be as small as possible). Starting again from Eq. (B.1), and noting

that the elements of C} are nonnegative, I obtain

Mg, — q. > (I — Cy)(qr — @) + Cr(T'qr — q.) — ekl qr[[Ci1
= (I - Ci)(ar — q.) + Co(Tqr — Tq.) — e]lqr]|Crl
(I — Ci)(qr — @) + 7Ci Py (g — q.) — exl|qr]|Ci1
= Z;(ar — q.) — &l|qx[ Ci 1, (B.3)

v

where I have defined Z} .= I —Cy(I —~vP,,). By Lemma 6.3, since I assumed Condition 6.1
holds, both Z; and Z; have nonnegative elements and their row sums are bounded by ~.

Therefore, when Myqr — g. > 0, Eq. (B.2) implies

HMka - Q*H S 'YHQk - q*H ) (B4>

because element-wise inequality for nonnegative matrices implies the inequality holds for
their norms as well. When Mgy — q. < 0, I must use Eq. (B.3) and multiply both sides by

—1 to get nonnegative matrices, giving

[ Mrar — a.] < vllar — .| + exllgr ||| Cr|l

€k
<llgr — q.ll + :H%H ; (B.5)

because ||Crll < S0, || Pr.]l' = 1/ (1 — 7). Since Eq. (B.5) is looser than Eq. (B.4), its
bound holds in the worst case. It remains to show that this bound implies convergence to gq..
Observe that

€k
L=

_ _ % _ €k
- (v 1) o=l + 12l
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My assumption of greedy-in-the-limit policies means that ¢, — 0 as k& — oo; thus, there

must exist some iteration k* such that ¢, < %(1 — )%,V k > k*. Therefore, for k > k*,

€k
L=

I+~
| Mrar — q.|| < TH% —q.| + .|| -

If v < 1, then (1 4+ 7) < 1, and since ||q.| is finite, I conclude that ||g; — g.|| — 0 as

k — oo. O]

B.2 Examples of Divergence

This section describes two counterexamples which show that violating Condition 6.1 could

cause TD methods to diverge.

B.2.1 Counterexample 6.9: Off-Policy Truncated IS

Counterexample 6.9 (Off-Policy Truncated IS). Consider Truncated IS with A\ = 1, so
Hipvi = min(1,141.444). Assume the MDP has one state s and two actions {ay,as}, the
behavior policy is uniform random, and the target policy selects aq with probability p € (0,1)
and selects ay otherwise. When p = 0.6 and v = 0.94, then | Z]| > 1.

The definitions of © and b imply

_|p 1-p _ L
P”—[p 1—p1’ Pb_Q[l 1

Recall that I assumed A = 1. I define the following constant, using the definition of Hy.;;
for Truncated IS (let F; := Fy. for brevity):

h»gl) = E[HO:t ‘ (StJAt) = (87@1)]

_ Zprb(]—“t | (S, Ay) = (S,CL1)) .min(l, ;22—%)

Fi

. Prw(Ft—l) p>

= Pry(Fiz 1, —————— B.6

J; ol l)mm(7 Pry(Fio1) - 5 >0
= Z min(Prb(]:t_l), 2p - Prﬂ(}"t_l)>

Fi—1

. 1

= me ST 2p - Pra(Fi1) ) -

Fi—1
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Eq. (B.6) is justified because the conditional probability of a trajectory ending in action a,
is just the probability of F;_; under b, due to the 1-state (memoryless) MDP. I can simplify

hgl) further by using the binomial theorem to calculate Pr,(F;_;) = p*(1 — p)t=1=*

, where
k € {0,...,t — 1} is the number of times a; is taken in F;_;. There are (t?) trajectories

with this same probability. Therefore,

1
me (2t o, 2p- Pr.(Fi 1)

Fi-1

t—1
t—1 ) 1 1
( )mm (Fa 2p - p*(1 —p)! k) :
=0

Likewise, I can compute h?) by swapping p and 1 — p above. Let ® denote element-wise
multiplication. Using the fact that P! = P,, V t > 1, it follows that
hi) hﬁ”] 1 [h§” hi”]

Hi =P} © ==
t— h(l) h§2) 2 hgl) h§2)

Using a computer program to calculate Z, assuming that p = 0.6 and v = 0.94, I obtain

- 0.704 —0.436
_ t _ ~
Z= ;7 (Hi-sPr = Ho) {0.704 —0.436}
Therefore, ||Z|| ~ 1.14, which is not a contraction, and the norm continues to increase for

p > 0.6 or v > 0.94.

B.2.2 Counterexample 6.10: On-Policy Binary Traces

Counterexample 6.10 (On-Policy Binary Traces). Assume the MDP has one state s and
two actions {ay,as}. Define a trajectory-aware method such that Hy,; = 1 if Ayyy = a1 and

Hyypi = 0 if Ayyy = ao (without loss of generality). Assume 7 and b are uniform random.

When v > 2, then || Z| > 1.

The policy 7 is uniform random, so

11 1

Let ® denote element-wise multiplication. Because Hy.;1; = 1 only when the trajectory Fi.;1;
terminates in (s,a;) and Hys,; = 0 otherwise, and since P! = P,, Vi > 1, I also have
i 10 11 0
= P®[1 0} 2[1 0}'
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Using a computer program to calculate Z, assuming that v = %, I obtain
= 1[-1 2
7= 3 (P M) = )
Therefore, || Z| = 1, which is not a contraction, and the norm continues to increase for v > 2.

B.3 Implementation of Trajectory-Aware
Eligibility Traces

The implementation of trajectory-aware methods is closely related to that of backward-view
TD()) in the tabular setting (see, e.g., Sutton and Barto, 1998, Ch. 7.3). On each time
step, an environment interaction is conducted according to the behavior policy b. Then, the
eligibilities for previously visited state-action pairs are modified, the eligibility for the current
state-action pair is incremented, and the current TD error is applied to all state-action pairs
in proportion to their eligibilities. The only difference in the trajectory-aware case is that
the eligibilities are not modified by simply multiplying a constant decay factor of yA.
Arbitrary, trajectory-dependent traces of the form H;; ; can be complicated to imple-
ment. This stems from the fact that the index 7 in the M operator is defined relative to
when the state-action pair was taken. In other words, each state-action pair (Sy, Ax) “dis-
agrees” on the start of the current trajectory for reinforcement, generating its update from
the unique sub-trajectory Fi.;. Implementing coefficients of this form would theoretically be

possible using the backward-view update
Q(Sk, Ag) < Q(Sk, A) + ey " Hyy 67, YV k€{0,1,...,t},

but this would require repeatedly slicing the list of visited state-action pairs, Fy;. While
this is technically feasible, it does not easily accommodate vectorization or parallelization.

Fortunately, this level of generality is rarely needed in practice, and specific optimizations
can be made depending on the functional form of Hy.;.,;. For example, Truncated IS defines
H,.; to be a pure function of the IS estimate Il;,.4,;, which is useful because per-decision
eligibility traces can be used to efficiently generate the IS estimates for every state-action
pair visited during the episode. I demonstrate how this can be done in pseudocode (see
Algorithm 3).
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Recursive methods like Recursive Retrace and RBIS, where Hy.;.,; explicitly depends on
H,.,.; 1, require only two minor changes compared to Algorithm 3 for their implementations.
These changes, which I highlight in blue for RBIS in Algorithm 4, correspond to the fact
that the dynamic array Y is now used to store the previous trace Hy., ; rather than the
previous IS estimate at each time step. The computational requirements for the methods
remain nearly identical. The implementation for Recursive Retrace easily follows by changing
line 10 of Algorithm 4 to

Y (k) <= Amin(1, Y(k) - ps) .

B.4 Additional Experiment Details and Results

I conduct a grid search to find the best step size a for every A-value for the four off-policy
methods I evaluate in the Bifurcated Gridworld (Section 6.5). Using a training set of 1,000
trials, I search over A € {0,0.1,...,1} and a € {0.1,0.3,0.5,0.7,0.9}, for a total of 55
hyperparameter combinations. At the start of each trial, the initial value function @ is
sampled from a zero-mean Gaussian distribution with standard deviation ¢ = 0.01. I train
each agent for 3,000 time steps, allowing extra time to complete the final episode. I then
generate learning curves by plotting the 100-episode moving average of these returns as a
function of the number of time steps and calculate their AUCs. In Table B.1, I report the
step size a that led to the highest average AUC for each A-value. Then, using a separate
test set of 1,000 trials (to avoid bias in the search results), I use these a-values to generate
the learning curves in Figure B.1. The AUCs for these learning curves are finally used in
the creation of the A-sweep plot (Figure 6.2).

In Figure B.2, I repeat this procedure for three additional, more complex gridworld
topologies. Like the Bifurcated Gridworld, these environments feature one or more bifurca-
tions that make fast credit assignment imperative, as well as additional challenges such as
multiple goal cells. As before, the agent starts in S and receives +1 reward for taking any
action in a goal, terminating the episode. The results are qualitatively similar to Figure 6.2;
RBIS outperforms the other three methods by a significant margin over the left-hand portion

of the A-spectrum, and performs similarly to Retrace as A — 1.
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Table B.1: The best step sizes found by the grid search in the Bifurcated Gridworld.

A 0 01 02 03 04 05 06 07 08 09 1

Retrace 09 09 09 09 09 09 09 09 07 07 0.5
Truncated IS 0.9 09 09 09 09 09 07 05 05 05 0.3
Recursive Retrace 0.9 09 09 09 09 09 09 09 0.7 05 0.5
RBIS 09 09 09 09 09 07 07 07 0.7 0.7 0.5
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Figure B.1:

Learning curves of off-policy methods for all A-values tested in Bifurcated
Gridworld. The dashed black line indicates the optimal discounted return for this problem.
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averaged over 1,000 trials with 95% confidence intervals shaded.
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Algorithm 3 Truncated Importance Sampling

1: input value function @, step size a € (0, 1]
2: for each episode do
3: Reset environment and observe state Sy

4 Reset dynamic array Y

5 repeat fort =0,1,2,...

6: Take action Ay ~ b(- | S;), receive reward Ry, and observe next state Sy,

7 iy

. 5 — Ri1 — Q(Sy, Ay) if S;y1 is terminal
. ' Ripr = Q(St, A) + v 2 peam(@ | Se1) Q(Setr,a)  else

9: for k=0,...,t—1do

10: Y (k)< Y(k)-pt

11: end for

12: Y(t) 1

13: for k=0,...,tdo

14: 2 < (YN min(1, Y(k))

15: Q(Sk, Ar) <+ Q(Sk, Ag) + @z

16: end for

17: until S;,; is terminal

18: end for

Algorithm 4 Recency-Bounded Importance Sampling (RBIS)

1: input value function @, step size a € (0, 1]
2: for each episode do
3: Reset environment and observe state Sy

4 Reset dynamic array Y

5 repeat fort =0,1,2,...

6: Take action Ay ~ b(- | S;), receive reward Ry, and observe next state Sy,

7 P = s

8: 5T — Rt+1 — Q(St, At) if St+1 is terminal
' : Ripr — QS At) + 7 X gea (@ | Se1) Q(Siga,a')  else

9: for k=0,...,t—1do

10: Y (k) < min( A% Y (k) - p;)

11: end for

12: Y(t)«+ 1

13: for k=0,...,tdo

14: 2« kY (k)

15: Q(Sk, Ax) < Q(Sk, Ax) + azdy

16: end for

17: until S;,; is terminal

18: end for
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